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Abstract. Let k and n be positive even integers. For a cus- 
pidal Hecke eigenform h in the Kohnen plus subspace of weight 
k - re/2 + 1/2 for To (4), let I n (h) be the Duke-Imamoglu-Ikeda 
lift of h in the space of cusp forms of weight k for Sp n (Z), and 
/ the primitive form of weight 2k — n for SX2 (Z) corresponding 
to ft under the Shimura correspondence. We then express the 
ratio (I n (h),I n (h))/(h,h) of the period of / n (/i) to that of h in 
terms of special values of certain L-functions of /. This proves the 
conjecture proposed by Ikeda concerning the period of the Duke- 
Imamoglu-Ikeda lift. 



1. Introduction 

One of the fascinating problems in the theory of modular forms is 
to find the relation between the periods (or the Petersson products) of 
cuspidal Hecke eigenforms which are related with each other through 
their L-functions. In particular, there are several important results 
concerning the relation between the period of a cuspidal Hecke eigen- 
form g for an elliptic modular group L C SL^Z) and that of its lift 
g. Here, by a lift of g we mean a cuspidal Hecke eigenform for another 
modular group P (e.g. the symplectic group, the orthogonal group, 
the unitary group, etc.) whose certain L-function can be expressed 
in terms of certain L-functions related with g. Thus we propose the 
following problem: 

Problem A. Express the ratio (g",g")/(g,g) e in terms of arithmetic 
invariants of g, for example, the special values of certain L-functions 
related with g for some integer e. 



For instance, Zagier Zag77| solved Problem A for the Doi-Naganuma 



lift / of a primitive form / of integral weight. Murase and Sugano 
also solved Problem A for the Kudla lift / of a primitive form 



/ of integral weight. In addition, Kohnen and Skoruppa |KS89j solved 
Problem A in the case where h is the Saito-Kurokawa lift of a cuspidal 
Hecke eigenform h in the Kohnen plus subspace of half-integral weight. 
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We should also note that this type of period relation is not only inter- 
esting and important in its own right but also plays an important role 
in arithmetic theory of modular forms. For instance, by using Kohnen 
and Skoruppa's result, Brown |Bro07] and Katsurada |Kat08aj indepen- 
dently proved Harder's conjecture on congruences occurring between 
Saito-Kurokawa lifts and non-Saito-Kurokawa lifts under mild condi- 
tions. Furthermore, by using such congruences, Brown constructed a 
non-trivial element of a certain Bloch-Kato Selmer group. We note 
that this type of congruence relation was conjectured by Doi, Hida and 
Ishii [DHI98] in the case where / is the Doi-Naganuma lift of /. 

Now let us explain our main result briefly. Let k and n be positive 
even integers. Let h be a cuspidal Hecke eigenform in the Kohnen plus 
subspace of weight k — n/2 + 1/2 for -To (4), and / the primitive form of 
weight 2k — n for SL 2 (Z) corresponding to h under the Shimura cor- 
respondence. Then Ikeda [IkcOlJ constructed a cuspidal Hecke eigen- 
form I n (h) of weight k for Sp n (Z) whose standard L-function can be 
expressed as C( s ) OILi -^(s + k — i,f), where £(s) is Riemann's zeta 
function and L(s, /) is Hecke's L-function of /. The existence of such a 
Hecke eigenform was conjectured by Duke and Imamoglu in their un- 
published paper. We call I n (h) the Duke- Imamoglu- Ikeda lift of h (or 
of /). (See also the remark after Theorem 2.1.) We note that 12(h) is 
nothing but the Saito-Kurokawa lift of h. Then, as a generalization of 
the result due to Kohnen and Skoruppa, Ikeda among others proposed 
the following remarkable conjecture in [Ike06j: 

The ratio (I n (h), I n (h))/(h, h) should be expressed, up to elementary 
factor, as 

n/2-1 

L(Kf)C(n) J] L(2i+l,/,Ad)C(2i), 

8=1 

where L(s, f, Ad) is the adjoint L-function of f (cf. Conjecture A). 

The aim of this paper is to prove the above conjecture (cf. Theorem 
2.2). We note that I n (h) is not likely to be realized as a theta lift 
except in the case n = 2 (cf. Schulze-Pillot |Sch08j). Therefore we 
cannot use a general method for inner product formulas of theta lifts 
due to Rallis |Ral88] . We also note that the conjecture cannot be 
explained within the framework of motives since there is no principle 
so far to associate motives with half-integral weight modular forms. 
Taking these remarks into account, we take an approach based on the 
classical Rankin-Selberg method to our problem. Namely, the method 
we use is to give an explicit formula of the Rankin-Selberg series of 
a certain half-integral weight Siegel modular form related with I n (h), 
and to compute its residue at a pole. We explain it more precisely. 

First let <pi n (h),\ be the first coefficient of the Fourier- Jacobi ex- 
pansion of I n (h) and c r n -i(0/ n (/i),i) the cusp form in the generalized 
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Kohnen plus subspace of weight k — 1/2 for i~Q _1 ^(4) corresponding 
to 4>i n {h),i under the Ibukiyama isomorphism a n -±. For the precise def- 
inition of the generalized Kohnen plus subspace and the Ibukiyama 
isomorphism, see Section 3. Then we have the following Fourier ex- 
pansion of Cr n _iO/ n(/l)) i) : 

o-„-i(0/„(fc),i) = ^c(A)exp(27rv /Z Ttr(AZ)), 

A 

where A runs over all positive definite half-integral matrices of de- 
gree n — 1, and tr denotes the trace of a matrix. Then, in Section 3, 
we consider the following Rankin- Selberg series R(s,a n ^i((f)j n ^h),i)) of 

<7n-l{<f>I n (h),l) '■ 

R(s,a n ^ Inihll )) = ^ e{metAr 

where A runs over all the SX n _i(Z)-equivalence classes of positive defi- 
nite half-integral matrices of degree n — 1 and e(A) denotes the order of 
the unit group of A in 5L n _i(Z). In the integral weight Siegel modular 
form case, the analytic properties of this type of Dirichlet series have 
been studied by many people (e.g. Kalinin |Kal84] ) . In the half- integral 
weight Siegel modular form case, similarly to the integral weight case, 
we also get analytic properties of R(s, cr n -i( ( l , in(h),i))- While such a 
Dirichlet series with no Euler product has never been regarded as sig- 
nificant as automorphic L-functions until now, it should be emphasized 
that it plays a very important role in the proof of our main result. In- 
deed, as one of the most significant properties, R(s, CF n -i{4>i n <h),x)) has 
a simple pole at s = k — 1/2 with residue expressed in terms of the 
period of 4>i n {h),x (cf- Corollary to Proposition 3.1). Hence, by virtue of 
the main identity in |KK08j . this enables us to rewrite Ikeda's conjec- 
ture in terms of the relation between the residue of R(s, CFn-ii^inih),!)) 
at s = k — 1/2 and the period of h (cf. Theorem 3.2). In order to prove 
Theorem 3.2, we have to get an explicit formula of R(s,a n -i(<f>i n (jh,) J i)) 
in terms of L(s,f, Ad) and L(s,f). To get it, in Section 4, we reduce 
our computation to that of certain formal power series, which we call 
formal power series of Rankin-Selberg type, associated with local Siegel 
series similarly to |IK04] and |IK06j (cf. Theorem 4.2). Section 5 is 
devoted to the computation of them. This computation is similar to 
those in [IK04| and [IK06j . but is more elaborate and longer than them. 
In particular we should be careful in dealing with the case p = 2. Af- 
ter overcoming such obstacles we can get explicit formulas of formal 
power series of Rankin-Selberg type (cf. Theorem 5.5.1). In Section 
6, by using Theorem 5.5.1, we immediately get an explicit formula of 
R(s, (Tn-i(4>in(h),i)) (cf- Theorem 6.2), and by taking the residue of it 
at k — 1/2 we prove Theorem 3.2, and therefore prove Conjecture A 
(cf. Theorem 6.3). 
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We note that we can also give an explicit formula of the Rankin- 
Selberg series of I n (h). However, it seems difficult to prove Conjecture 
A directly from such a formula. 

By Theorem 2.2, we can give a refinement of a result concerning the 
algebraicity of (/ ', f) n ' 2 / (I n {h) , I n (h)) due to Choie and Kohnen (cf. 
Theorem 2.3). Moreover we can apply this result to characterize prime 
ideals giving congruences between Duke-Imamoglu-Ikeda lifts and non- 
Duke-Imamoglu-Ikeda lifts. This will be discussed in |Kat08b] . 

Acknowledgments. The authors thank Professor Y. Ishikawa, Professor 
Y. Mizuno and Doctor S. Yamana for their valuable comments. The 
first named author was partly supported by Grant-in- Aid for Scientific 
Research, JSPS, and the second named author was partly supported 
by the JSPS International Training Program (ITP). 

Notation. Let R be a commutative ring. We denote by R x and R* the 
semigroup of non-zero elements of R and the unit group of R, respec- 
tively. We also put S n = {a 2 \ a e S} for a subset S of R. We denote 
by M mn (R) the set of m x n- matrices with entries in R. In particular 



put M n (R) = M nn (R). Put GL m (R) = {A e M m (R) | detAe R*}, 



where det A denotes the determinant of a square matrix A. For an 
m x n- matrix X and an m x m- matrix A, we write A[X] = l XAX, 
where t X denotes the transpose of X. Let S n (R) denote the set of 
symmetric matrices of degree n with entries in R. Furthermore, if R is 
an integral domain of characteristic different from 2, let C n {R) denote 
the set of half- integral matrices of degree n over R, that is, C n (R) is 
the subset of symmetric matrices of degree n whose -component 
belongs to R or ^R according as i = j or not. In particular, we put 
C n = £ n (Z), and £„ iP = £ n (Z p ) for a prime number p. For a subset S 
of M n (R) we denote by S x the subset of S consisting of non-degenerate 
matrices. If S is a subset of S^R) with R the field of real numbers, we 
denote by S >0 (resp. S> ) the subset of S consisting of positive definite 
(resp. semi-positive definite) matrices. GL n (R) acts on the set S n (R) 
in the following way: 



Let G be a subgroup of GL n (R). For a subset B of S n (R) stable under 
the action of G we denote by B/G the set of equivalence classes of B 
with respect to G. We sometimes identify B/G with a complete set of 
representatives of B/G. We abbreviate B/GL n (R) as B/ ~ if there is 
no fear of confusion. Two symmetric matrices A and A' with entries in 
R are said to be equivalent over R' with each other and write A A' 
if there is an element X of GL n (R') such that A' = A[X]. We also write 
A ~ A' if there is no fear of confusion. For square matrices X and Y 



GL n (R)xS n (R)3(g,A) 



gAg G S n (R). 



we write XIY 
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For an integer D G Z such that D = or = 1 mod 4, let bp be 
the discriminant of Q(\/I)), and put f D = y^^- We call an integer D 
a fundamental discriminant if it is the discriminant of some quadratic 
extension of Q or 1. For a fundamental discriminant D, let (J^ j be the 

character corresponding to Q(v^D)/Q. Here we make the convention 
that = 1 if D = 1. 

We put e(x) = exp(27r-\/— Lc) for a; G C. For a prime number p 
we denote by v p (*) the additive valuation of Q p normalized so that 
u p(p) — I? an d by e p (*) the continuous additive character of Q p such 
that e p (x) = e(x) for x G Q. 

2. Ikeda's conjecture on the Period of the 
Duke-Imamoglu-Ikeda lift 

Put J n = ( ^ n }. n J , where l n and O n denotes the unit matrix 

and the zero matrix of degree n, respectively. Furthermore, put 

r (n) = Sp n {Z) = {Me GL 2n (Z) I J n [M] = J n }. 

Let H„ be Siegel's upper half-space of degree n. Let I be an integer 
or half integer. For a congruence subgroup r of r^ a \ we denote by 
SfyfT) the space of holomorphic modular forms of weight / for R We 
denote by ©i(-T) the subspace of 3Rj(.T) consisting of cusp forms. For 
two holomorphic cusp forms F and G of weight Z for r we define the 
Petersson product (F, G) by 

{F,G) = [rW:r{±l 2n }]- 1 J F(Z)GiZ)det(lm(Z)) l d*Z, 

r\H n 

where d*Z denote the invariant volume element on H n defined as usual. 
We call (F, F) the period of F. Let 

rt\N) = j ( £ £ ) G C = O m mod iv} , 

and in particular put -To(iV) = /^(iV). Let p be a prime number. 
For a non-zero element a G Q p we put Xp( a ) = 1, — 1 , or according 
as Q p (a 1 / 2 ) = Q p , Q p (a^ 2 ) is an unramified quadratic extension of 
Q p , or Qt p {a 1 / 2 ) is a ramified quadratic extension of Q p . We note that 

Xp{D) = (jPj if -D is a fundamental discriminant. For an element 
T of £* p with n even, put £ P (T) = x P ((-l) n/2 det T). Let T be an 
element of £*. Then (-l) n / 2 det(2T) = or = 1 mod 4, and we define 
b T and f T as b T = b ( _ 1) „ /2 det(2T) and f T = f(_i)n/2 d et (2T) , respectively. 

For an element T of C* p , there exists an element T of such that 
f ~ Zp T. We then put e p (T) = i/ p (f f ), and [b T ] = b f mod Z; D . They do 
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not depend on the choice of T. We note that (— l) n / 2 det(2T) can be 
expressed as (-1)™/ 2 det(2T) = dp 2 '^ mod Z* p D for any d E [b T ]. 

For each T E £* p we define the local Siegel series b p (T, s) and the 
primitive local Siegel series b*(T, s) by 

b p (T,s) = e p (ti(TR))p~^ R » s , 
Res n (Q p )/s n (Zp) 

and 

n 

b* p (T, s) = Y^{-l)Y (% - l)/2 p { - 2s+n+1)l h p( T \D-\ s), 

i=0 DeGL n (Z p )\V n ^ 

where ^(R) = [RZ;+Z; : Z^andD^ = GL n (Z p ) ( ln Q l ^ ) GL n [ 

We remark that there exists a unique polynomial F p (T,X) in X such 
that 

(cf. Kitaoka |Kit84j ). We also have 

b-IT s) — G (T P -) (1 -^)n^(l-P 2 '- 2 -) 

where G P (T, X) is a polynomial defined by 
G P (T,X) 

= ^(-l)y( ! - 1 )/ 2 (lV +1 ) ! ^ F p (T[D~ l ], X) . 

i=0 DeGL n (Z p )\T> nii 

We then define a polynomial F P (T, X) in X and X -1 as 

F P (B,X) = X~ e " (T) F p (T,p- (n+1)/2 X). 
We remark that F^B.X- 1 ) = F P {B,X) (cf. jKat99j l 
Now let A; be a positive even integer. Let 

h{z) = c{m)e(mz) 

(-l)™/ 2 m = 0,l mod 4 

be a Hecke eigenform in the Kohnen plus subspace © fc _„/ 2 +i/2 
and 

oo 

/(z) = a{Tn)e{mz) 

m=l 

the primitive form in &2k~n(r^) corresponding to h under the Shimura 
correspondence (cf. Kohnen, |Koh80j ). For the precise definition of the 
Kohnen plus subspace, we give it in Section 3 in more general setting. 
Let a p E C such that a p + a' 1 = p~ k+n l 2+l l 2 a(p), which we call the 
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Satake p-parameter of /. Then for a Dirichlet character x we define 
Hecke's L-function L(s, f, x) twisted by x as 

L(sJ,x) = \{{{l-^P~ s+k - nl2 - ll2 x{p)){l-a- p V^-^-^xCp))}" 1 . 
v 

In particular, if x is the principal character we write L(s, f, x) as L(s, f) 
as usual. We define a Fourier series I n (h)(Z) in Z 6 H n by 

I n (h)(Z) = J2 a In{h) (T)e(tr(TZ)), 

where 



7'S£n>0 



a/„ W m = c(|bT|)fT" n/2 " 1/2 n^( T 



p 



Then Ikeda |Ike01] showed the following: 

Theorem 2.1. I n (h)(Z) is a Hecke eigenform in ©^(Z 1 ^) whose stan- 
dard L-function coincides with 

n 

C(s)l[L(s + k-i,f). 

i=l 

Remark. We call I n (h) the Duke-Imamoglu-Ikeda lift of h (or of /) as 
in Section 1. We note that I n (h) is uniquely determined by h. We also 
note that 12(h) coincides with the Saito-Kurokawa lift of h. Originally, 
starting from a primitive form g in & 2 k-n(r^)i Ikeda constructed the 
In(g), where g is a Hecke eigenform in ©fc_ n / 2 +i/2(^o(4)) corresponding 
to g under the Shimura correspondence. We note that g is uniquely 
determined, only up to constant multiple, by g, and therefore so is 

Wo). 

To formulate Ikeda' s conjecture, put 

r R (s) = n- s / 2 T(s/2) and T c (s) = T R (s)T R (s + 1). 
We note that Tc(s) = 2(27r)~ s r(s). Furthermore put 

t(s) = r R (s)C(s) and Z(s) = T c (s)((s). 
For a Dirichlet character x put 

a/ , \ r c p)£(s, 

A(s, /,x) = r~\ ' 

nx) 

where t(x) is the Gauss sum of x- m particular, we simply write 
A(s, /, x) a s A(s, /) if x is the principal character. Furthermore, we 
define the adjoint L-function L(s, f, Ad) as 

l(sj, Ad) = jj{(i -ojp-ja-ofvja-p-)}- 1 , 

and put 

A(s, /, Ad) = T R ( S + l)r c (a + 2k - n - l)L(s, /, Ad), 
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and 

A(s, f, Ad) = r c ( S )r c ( S + 2k - n - l)L(s, f, Ad). 
We note that 

A(l-s, /, Ad)=A(s, /, Ad). 
Now we have the following diagram of liftings: 

e 2fc _„(r«) ~ e+_„ /2+1/2 (r (4)) © fc (rW) 

/ -B- /l ^ I n (/l) 

Then Ikeda [Ike06| among others proposed the following conjecture: 
Conjecture A. We have 

{Ini ^ h = 2<** fc >A(*, /)f(n) X ( 2 * + L /. Ad ) f(2i), 

where a(n, k) = —{n — 3)(fc — ^/2) — n + 1. 

Remark. The primitive form / as well as J n (/i) is uniquely determined 
by h. Therefore there is no ambiguity in the above formulation. Con- 
jecture A is compatible with the period formula for the Saito-Kurokawa 
lift proved by Kohnen and Skoruppa [KS89] (see also Oda [Oda81] ). In 
[Ike06], Ikeda proposed a more general conjecture for the period of the 
Ikeda- Miyawaki lift. We also remark that he constructed a lifting from 
an elliptic modular form to the space of Hermitian modular forms, and 
proposed a conjecture similar to the above (cf. [Ike08j). 

Now our main result in this paper is the following: 

Theorem 2.2. Conjecture A holds true for any positive even integer 
n. 

By the above theorem, we obtain the following result: 

Theorem 2.3. Let the notation be as above. Let D be a fundamental 
discriminant such that (—l) n ^ 2 D > 0. For i = 1, ...,n/2 — 1, put 

T(o■^^ f aa\ A(2z + 1, /, Ad) 

L(2z + 1, /, Ad) = j—— . Then 

\c(\D\)\ 2 (f, f) n ' 2 \D\ k - n / 2 A(k - n/2, /,(?)) 



(I n (h), I n (h)) 2 b ^A(k, /)£(n) nri?" 1 L(2* + 1, /, Ad)£(2*) ' 

where c(\D\) is the \D\-th Fourier coefficient of h, a n = or 1 according 
as n = mod 4 or n = 2 mod 4, and b n> k is some integer depending 
only on n and k. 

Proof. By Theorem 1 in [KZ81J, for any such D we have 

|c(|D|)| 2 _ yj^l an 2 k - n ' 2 - 1 \D\ k - n l 2 K{k - n/2, f,{^)) 

ImT" (IT) 

Thus, by Theorem 2.2, the assertion holds. □ 
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A(jfe - n/2, /, (£)) 
It is well-known that the value - /n ^ — and the values 

v/=T /2 A(fc, /) 

L(2i+ 1, /, Ad) for i = 1, n/2 — 1 are algebraic numbers and belong 
to the Hecke field Q(/) if k > n (cf. Shimura [Shi76] . [TOO] ). Thus 
we obtain 

Corollary. Assume that k > n and that all the Fourier coefficients of 

If /W 2 

/i belong to Q(/). JTien i/ie ratzo — belongs to Q(/). 

We note that we can multiply some non-zero complex number c with 
/i so that all the Fourier coefficients of ch belong to Q(/). We also note 
that the above result has been proved by Furusawa [Fur84j in case 
n = 2, and by Choie and Kohnen [CK03] under the assumption k > 2n 
in general case. Thus Theorem 2.3 and its corollary can be regarded 
as a refinement of their results. 



3. Rankin-Selberg series of the image of the first 
Fourier- J acobi coefficient of the 
Duke-Imamoglu-Ikeda lift under the Ibukiyama 

isomorphism 

To prove Conjecture A, we rewrite it in terms of the residue of the 
Rankin-Selberg series of a certain half-integral weight Siegel modu- 
lar form. Let / be a positive integer. Let F(Z) be an element of 
®J-i/2(-f~o (4)). Then F(Z) has the following Fourier expansion: 

F(Z) = a F (A)e(ti{AZ)) 

We define the Rankin-Selberg series R(s, F) of F as 

MA)\ 2 



R(s,F)= 



e(A)(detA) s ' 

As£ m> o i S X m (Z) 

where e(A) = #{X G SL m (Z) \ A[X] = A}. 
Put 

C! m = {A G C m I A = - Vr mod 4£ m for some r G Z m }. 

For A G C' m , the integral vector r G Z m in the above definition is 
uniquely determined modulo 2Z m by A, and is denoted by ta- Moreover 

it is easily shown that the matrix ( t 1 ,„ n rA ^^, A ) , which will be 

denoted by A^\ belongs to £ m +i, and that its SX m+ i(Z)-equivalence 
class is uniquely determined by A. In particular, if m is odd and A G 
(C' m ) x , put = b A (i), and = f^(i). Now we define the generalized 
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Kohnen plus subspace of weight 1 — 1/2 for i~Q m ^(4) as 

-i(m)/ 



et 1/2 (rr>m = 

F(Z) = c(A)e(tr(AZ)) G e ; _ 1/2 (r o (m) (4)) 



Aec„ 



c(A) = 

unless A G {-l) l C' ni 



Now, for the rest of this section, suppose that I is a positive even integer. 
Then there exists an isomorphism from the space of Jacobi forms of 
index 1 to the generalized Kohnen plus space due to Ibukiyama. To 
explain this, let = _r( m ) >< H m (Z), where H m (Z) is the subgroup 
of the Heisenberg group H m (R) consisting of all elements with integral 
entries. 

Let J ; c 7(rj m) ) denote the space of Jacobi cusp forms of weight I and 

index N for the Jacobi group rj m) . Let <j>{Z,z) G J™ sp (rj m) ). Then 
we have the following Fourier expansion: 

4>(Z,z)= J2 c(T,r)e(tr(TZ)+r t z). 

T£C m ,reZ m , 
4T-'rr>0 

We say that two elements (T, r) and (T',r') of C m x Z m are SL m (Z)- 
equivalent and write (T, r) ~ (T", r') if there exists an element g G 
SL m (Z) such that V - VV/4 = (T — Vr/4)[#]. We then define a 
Dirichlet series i?(s, 0) as 

(To e(T ~~ ' rr /4)(det(T - W4)) s ' 

where (T, r) runs over a complete set of representatives of SL m (Z)- 
equivalence classes of C m x Z m such that T — Vr/4 G C m> o- Now 
0(Z, z) can also be expressed as follows: 

<l>(Z,z)= h r (Z)0r(Z,z), 

r€Z m /2Z m 

where h r (Z) is a holomorphic function on H m , and 

r (Z,*) = e(tr(Z['(A + 2- 1 r)]) + 2(A + 2~ 1 r)^). 

A6Mi, m (Z) 

We note that hr(Z) have the following Fourier expansion: 
M^) = £ c(T, r)e(tr((T - Vr/4)Z)), 

T 

where T runs over all elements of C m such that T — Vr/4 is positive 
definite. Put h(Z) = (h r (Z)) reZ m /2z m ■ Then h is a vector valued mod- 
ular form of weight 1-1/2 for r^ m \ that is, for each 7 = ( £ g ) G T^" 1 ) 
we have 

h(7(Z)) = J( 7 ,Z)h( 7 (Z)). 



IKEDA'S CONJECTURE 11 

Here J(7, Z) is an m x m matrix whose entries are holomorphic func- 
tions on H m such that t J( r y, Z)J(j, Z) = Z)\ 2l ~ 1 l m , where Z) = 
det(CZ + D). In particular, we have 

£ hMZ))h r (j(Z)) = \j(j,Z)\ 21 - 1 h r (Z)hAZ). 

rGZ m /2Z m rSZ m /2Z m 

We then put 

a m (<f))(Z) = h r( AZ )- 

reZ m /2Z m 

Then Ibukiyama |Ibu92] showed the following: 

The mapping a m gives a C -linear isomorphism 

a m :J^ p (rf^©+ 1/2 (r Q (m) (4)), 

which is compatible with the actions of Hecke operators. 
We call a m the Ibukiyama isomorphism. We note that 

J2 c((A + t r A r A )/A,r A )e(tr(AZ)), 

where r = r A denote an element of Z m such that A+ t r A r A € 4£ m . This 
r A is uniquely determined up to modulo 2Z m , and c((A + t r A r A )/4 : , r A ) 
does not depend on the choice of the representative of r A mod 2Z m . 
Furthermore, we have 

R(s a U)) = T IC((A+ trr ^ A ^ 

AeC' m>0 /SL m (Z) K 1 

and hence 

R(s,<f>) = 2 2sm R{ S ,(j m { ( j>)). 

Now for cj), ip E J™ sp (r , j m ' ) ) we define the Petersson product of and 
ip by 

(0, V>}= / z)^(Z, z) det(w)^ m - 2 exp(-47ri;- 1 ['y])rfMrft;dxrfi/, 

rj m) \(H m xc») 



where Z = it + y/—lv E H m , 2; = x + y— Ty € C m . Now we consider 
the analytic properties of R(s,(p). 

Proposition 3.1. Let <f>(Z,z) E J™ sp (rj m) ). Put 

[m/2] 

H(s, 4>) = 7 m (s)£(2s + m + 2 - 21) £(4s + 2m + 4 - 4/ - 2i)R(s, (p), 

i=l 
m 

7m (s) = 2 1 - 2sm J]r R (2 S -^ + i). 

8=1 

T/ien i/ie following assertions hold: 
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(1) TZ(s, 4>) has a meromorphic continuation to the whole s-plane, 
and has the following functional equation: 

K{21 - 3/2 - m/2 - s,<f>) = TZ(s, <p). 

(2) 1Z(s,<f)) is holomorphic for Re(s) > / — 1/2, and has a simple 
pole at s = 1-1/2 with the residue 2 m+1 Y\ [ ™{ 2] £(2i + l)(<f>,<f>). 

Proof. The assertions can be proved in the same manner as in Kalinin 
[Kal84] . but for the convenience of readers we here give an outline 
of the proof. We define the non-holomorphic Siegel Eisenstein series 
E^ m \Z,s) by 

E^\Z,s) = (detlm(Z)r £ \j(M t Z)\~ 2 ' t 

where r<£° = j ( £ ^ J E \ . For the <f>{Z, z) let h(Z) = 

(h r (Z)) rg z m /2Z m be as above. Since h is a vector valued modular form 
for r( m \ we can apply the Rankin-Selberg method and we obtain 

K{s,<j))= f h r (Z)hjZ)lm(Z) l - 1 / 2 £^ m \Z,s)d*Z, 
r(™)\H m -e zm / 2Zm 



where 



8 {m) (Z,s) = £(2s + m + 2-2/) 

[m/2] 

x Yl £( 4s + 2m + 4 -41- 2i)E ( - m \Z, s + m/2 + 1-1). 



i=l 



It is well-known that £ ( m '(Z, s) has a meromorphic continuation to the 
whole s-plane, and has the following functional equation: 

£ (m) (Z, 21 - 3/2 - m/2 - s) = £ {m) {Z, s). 

Thus the first assertion (1) holds. Furthermore it is holomorphic for 
Re(s) > / — 1/2, and has a simple pole at s = I — 1/2 with the residue 

n!=( 21 C(2j + 1). We note that 

(0, 0) = 2~ m - x I h r (Z)K{Z)lm(Z) l - 1/2 d*Z. 

r(-)\H m ^/2Z« 

Thus the second assertion (2) holds. □ 



ForFe@+ 1/2 (r ^(4))put 

m 

n(s,F) = J]r R (2s-2 + i) 
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(m). 



i=l 

[m/2] 

x £(2s + m + 2 - 2/) ] [ £(4s + 2m + 4 - 4/ - 2i)i?(s, F). 

i=i 

We note that 

K(s, a m {<t>)) = 2- 1 ft(s» 
for G J™ sp (rj m) ). Thus we obtain 

Corollary. Lei £/ie notation and the assumption be as Proposition 3.1. 
Then lZ(s,o~ m ((f))) has a meromorphic continuation to the whole s- 
plane, and has the following functional equation: 

n (2l - 3/2 - m/2 - s, <r m {<j>)) = TZ(s, a m (0)). 
Furthermore it is holomorphic for Re(s) > / — 1/2, and has a simple 
pole at s = 1-1/2 with the residue 2 m f]!=( 21 £(2i + 1)(0, <p). 

Let n and be positive even integers. Let h be a Hecke eigenform in 
®it-n/2+i/2(^o(4)), and / and be as in Section 2. Write Z e H n 

as Z = ( [ ^ j with r e H„_i, z e C"" 1 and r' e Hi. Then we 



have the following Fourier- Jacobi expansion of I n {h): 

'»(*)(( C r )) = f>»W."( r ' ^)e(iVr'), 

where 4>i n (h),N( T , z ) is called the iV-th Fourier- Jacobi coefficient of I„(/i) 
and defined by 

<t>i n {h),N{ T i z ) = Yl ai «( h ) (( W2 ^ ) ) e ( tr ( Tr ) + rtz )- 

4NT—trr>0 

We easily see that 4>i n {h),N belongs to L fe cu ^ p (rj ri_1 ' ) ) for each N e Z >0 . 
Now we have the following diagram of liftings: 

©^(rW) 3 f < he ®L /2+1/2 (r (1) (4)) 



i n (h) e © fc (rW) 



@ti/ 2 (4^ 1) (4))3^i(^ W ,i) < few^i^ri^) 

Under the above notation, we will prove the following theorem in 
Section 6: 
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Theorem 3.2. 

Res s=fe _i /2 7^(s, cr n _i(0 /nWil )) 

n/2-l 

= 2^(h, h) J] l(2i)i(2i + l)A(2i + 1, /, Ad), 

i=l 

where f3(n, k) = —{n — A)k + (n 2 — 5n + 2)/2. 

Then we can show the following: 

Theorem 3.3. Under the above notation and the assumption, Theorem 
3.2 implies Conjecture A. 



Proof. By Corollary to Main Theorem of |KK08j . we have 

l A(*, m(n) 



(I n {h), I n (h)) _ _ fc+n _i 



(<t>I n {h),\, <f>I n (h),l) 

(see the remark below). Thus Conjecture A holds true if and only if 

n/2-l 

(fa n{h ),i, Km) = 2- fc ("- 4 )+"'(- 7 )/ 2+2 (/ i , h) J] £(2i)A(2i+l, /, Ad). 

i=l 

On the other hand, by Corollary to Proposition 3.1 we have 

n/2-l 

Res s=fc _i /2 ^(s,(T n _i(0 /n(?i)il )) = 2 n ~ 1 ((f) In{h)A , <j> In (h),i) n £(2i+l). 

Thus the assertion holds. □ 

Remark. In [KK 08]. we incorrectly quoted Yamazaki's result in |Yam90] 
Indeed "{F, G)" on the page 2026, line 14 of |KK08] should read U ^(F, G) 
(cf. Krieg [Kri91] ) and therefore "2 2fc - n+1 " on the page 2027, line 7 of 
|KK08] should read "2 2fc -"" . 

4. Reduction to local computations 

To prove Theorem 3.2, we give an explicit formula for R(s, cr n _ 1 (0 /n (/ l ) i 
for the first Fourier- Jacobi coefficient <pi n (h),i of I n {h)- To do this, we 
reduce the problem to local computations. 

For a, b G Q* let (a, b) p the Hilbert symbol on Q p . Following Kitaoka 
[Kit93] . we define the Hasse invariant s(A) of A G S m (Q, p ) x by 

l<i<j'<m 

if A is equivalent to ai_L---i_a m over Q p with some ai,a2,...,a m G 
Qp. We note that this definition does not depend on the choice of 
a±, a,2, a m . 
Now put 

C' mp = {A G C m ,p \ A = — t rr mod 4£ miP for some r G Z™}. 
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Furthermore we put S m (Z p ) e = 2C mjP and S m (Z p ) = S m (Z p )\S m (Z p ) e . 
We note that C! mp = £ m , p = S m (Z p ) if p ^ 2. Let T G £^_ ljP . Then 

there exists an element r G Z™ -1 such that ^t r / 2 (r+^-r)^) belongs 
to £ m , p . As is easily shown, r is uniquely determined by T, up to 
modulo 2Z™ -1 , and is denoted by r T . Moreover as will be shown in 

the next lemma, ^ t r ^ 2 (r+v/r T )/4 ) * s un iQ ue ly determined by T, up to 
GL m (Z p )-equivalence, and is denoted by 

Lemma 4.1. Let m be a positive integer. 

(1) Let A andB be elements of C' m _ lp . Then ( t ^ /2 {a+ ^ a)/4 ) ~ 

(2) Lei A G C' m _ l!p . 

(2.1) Lei p ^ 2. JTien ~ ^ J M . 

(2.2) Lei p = 2.Ifr A = mod 2, i/ien A ~ AB with B G £ m _i, 2 , 

and ~ ^ q . In particular, ord((detL>)) > m or 

> m + 1 according as m is even or odd. 

IfrA^O mod 2, then A ~ a_L4L? mi/i a = — 1 mod 4 and 

/ 1 1/2 
5 £ An-2,2 and we nave ~ 1/2 (a + l)/4 

\ B 

In particular, ord((detL?)) > m or > m — 1 according as 
m is even or odd. 

Proof. The assertion can easily be proved. □ 

Now let m be a positive even integer. For T G (£m-i,p) X ) we define 
[b^P] and e^P as [b T (ij] and e T (i) , respectively. These do not depend on the 
choice of r T . We note that (— l) m / 2 det T = 2 m ~ 2 dp 2e T mod Z* n for any 
d G [b^]. We define a polynomial Fp^^T^X) in X, and a polynomial 
F P {1) (T,X) in X and X" 1 by 

FV(T,X) = F P (T<»,X), 

and 

F^(T,X) = X-^^F^iT^p-^^X). 
Let L? be a half-integral matrix B over Z p of degree m. Let p ^ 2. Then 



F«(5,X)=F p (li_L?,X). 
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Let p = 2. Then 

f ~ / 1 1/2 \ if 5 = ai_4£' 

F 2 (1) (5,X) = i A 1 / 2 (o + l)/4 j ' j with a = -1 mod 4, 

[ F 2 (1_LB',X) if B = AB'. 

Now for each T e S m (Z p )* put 

FW(T,X) = F p (2- 1 T,X) 

and 

F p (°)(T,X) = F p (2- 1 T,X). 
We define [b^] and as [b 2 -iT] and e2-iT, respectively. We note that 



(_l)m/2 detT = dj p.e T > mod £*□ for any d e [ b ; 

Now let m and / be positive integers such that m > I. Then for non- 
degenerate symmetric matrices A and B of degree m and / respectively 
with entries in Z p we define the local density a p (A, B) and the primitive 
local density (3 P (A, B) representing B by A as 

a p (A,B) = 2- 5 ™-' lim p a( " mW(m)/2) #A(A B), 

a— too 

and 

P P (A,B) = 2~ s ^ 1 lim p a (- ml+l( - l+1 V 2) #B a (A,B), 

a— >oo 

where 

A(A B) = {X G M w (Z p )/p a M mi (Z p ) | ALY] -fie p a ^(Z p ) e }, 
and 

B a (A, B) = {Xe A a (A, B) | rank Zp / pZp (X mod p) = I}. 
In particular we write a p (A) = a p (A, A). Furthermore put 

for a positive definite symmetric matrix A of degree n — 1 with en- 
tries in Z, where £?(A) denotes the set of SX n _i(Z)-equivalence classes 
belonging to the genus of A. Then by Siegel's main theorem on the 
quadratic forms, we obtain 

M(A) = e n _ lKn _! det A n ' 2 J] a p (Ay l 

p 

where e n _i = 1 or 2 according as n = 2 or not, and 

(n-2)/2 

^n-i = 2 2 - n J] r c (2i) 

i=l 

(cf. Theorem 6.8.1 in |Kit93j ). Put 

T v = {d e Z p | v p (d ) < 1} 
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if p is an odd prime, and 

J^2 = {^o G Z 2 I 4 = 1 mod 4, or o? /4 = —1 mod 4, or ^2(^0) = 3}. 

A function uj on a subset *S of 5 TO (Q P ) is said to be GL m (Z p )-invariant 
if u(A[X]) = u(A) for any A G S and X G GL m (Z p ). For d e J> and 
a GL n _i(Z) p - invariant function u p on £n~i P we define a formal power 
series H n ^ ljP (d , u p , X, Y, t) G C[X, X" 1 , Y, by 

H n -i tP (d , Up, X, Y, t) 



aJA) Up[ ] 

A6/:;_ liJ ,(do)/GL„_i(z p ) pv 7 

where C' n _ lp (d ) = {A G £^_i jP | [b^ ] = c?o rnod Z* n }. Let i m)P be the 
constant function on C^ p taking the value 1, and e miP the function on 
C^p assigning the Hasse invariant of A for A G C^p. We sometimes 
drop the suffix and write i m ^ v as i v or 1 and the others if there is no 
fear of confusion. We call H n _ l p (d , u p , X, Y, t) a formal power series of 
Rankin- Selberg type. An explicit formula for H n _i p(d , u p , X, Y, t) will 
be given in the next section for uj p = i n -\,p and £ n _i iP . Let T denote 
the set of fundamental discriminants, and for I — ±1, put 

= {d g 7 I ld > 0}. 
Now let h be a Hecke eigenform in @fc_ n /2+i/2(- r o(4)), and /, I n (h), 4>i n (h),i 
and cr n -i{4>i n (h),i) be as in Section 3. Let T G £^_ 1>Q . Then it follows 
from Lemma 4.1 that the T-th Fourier coefficient c (Tn _ 1 (^ J „. 1 )(T) of 
Cn-i(0i„(fe),i) * s uniquely determined by the genus to which T belongs, 
and, by definition, it can be expressed as 

^iWmw.oCO = = c(H4 1) l)(f < r 1> )*- B/a - 1/a 

where c(|b^ |) is the |b^|-th Fourier coefficient of h. Thus, by using 
the same method as in Proposition 2.2 of |IS95j . similarly to [IK03J, 
Theorem 3.3, (1), and [IK04j . Theorem 3.2, we obtain 

Theorem 4.2. Let the notation and the assumption be as above. Then 
for Re(s) 3> 0, we have 



gn-i 



_ i2 -(fc-«/2-l/2)(«-2) ^ 1^1^1)121^^/2-^+1/2 

doeJ-ff- 1 )™ 72 ) 



I P P 

where c(|do|) is the \do\-th Fourier coefficient of h, and a p is the Satake 
p-parameter of f . 
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5. Formal power series associated with local Siegel 

SERIES 

Throughout this section we fix a positive even integer n. We also 
simply write v p as v and the others if the prime number p is clear from 
the context. 

In this section we give an explicit formula of H n -i(do, oj, X, Y, t) = 
H n -i jP (do,LU,X,Y,t) for uj — i, e (cf. Theorem 5.5.1). From now on we 
sometimes write uj = e l with / = or 1 according as oj = i or e. For 
the convenience of readers, we here give an outline of the proof. The 
idea is to rewrite if„_i(do, oj, X, Y, t) in terms of various power series. 
For d G Zp put 

S m (Z p , d) 

= {T G S m (Z p ) | (-l)!^ 1 )/ 2 ! detT = p 2l d mod Zf with some % G Z}, 

and S m (Z p ,d) x = S rn {Z p ,d) D S m (Z p ) x for x = e or o. We note that 
S m (Z p ,d) = S m (Z p ,p>d) for any even integer j. If m is even, put 

Ct] P = S rn {Z p y e and 1)P = (C_ liP ) x . We also define C^ p {d) = 

S m -j(Z p , d) n 4^. p for j = 0, 1. We note that 4?_ llP (0 = C-i, P (d) 
for d G J- p . Henceforth, for a GL m (Z p )-stable subset B of S^Qp), we 
simply write J2t&b instead of J2reB/~ ^ there is no fear of confusion. 

Suppose that r is a positive even integer. For j = 0, 1,£ = ±1 and 
T G 4-j, P > we defme a polynomial F p (i) (T, f, X) in X and X" 1 by 

FW(T,e,X) = X- f(J) ^FW(T,eX). 

We note that i| (i) (T, 1,X) = F p (j) (T,X), but F p (j) (T, -1, X) does not 
coincide with F p ^ (T, —X) in general. We also define a polynomial 
G ( p j) (T, £, X, t) in X, X" 1 and t by 

GH\T,Z,X,t) = J2(-l)Y^f Yl F^(T[D- l ],Z,X), 

i=0 D6GL r _j(Z p )\D r _j, j 

and put G p j) (T,X,t) = Gj j) (T, 1, X, t). We also define a polynomial 
G$\t,X) inXby 

G?(T,X) 

r-j 

= ^(-1)V( ! - 1 »/ 2 (IV +1 ^') ! ^ F^(T[£)- 1 ],X). 

i=0 DeGL r _ J (Z p )\D r _ J> 
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For d G T v , I — 0, 1 and j — 0, 1, define a polynomial ft (do, 7" — j, £) 
in t as 

{(_l)!r(r-2)/8 t r-22-(r-2)(r-l)/2}« 2 ,p 

x ((_l)r/2 (-1)^2^ p -(r/2-l)M*) if j = 1 

K(d ,r-j,l,t) = <( yp ^ 

{(_l)r(r+2)/8 ((-l)^, d ) 2 }'*».P if J = 0. 

Furthermore for an element T G £^ lp we define a polynomial B^(T, t) 
in t by 

R( i), T . _ (i - mtW)p-wh) rfc 2)/2 a - P - 2i+l t 2 ) 

P 1 ' J G«(T,p-H-i/2t) 

For a variable F we introduce the symbol y 1 / 2 so that (y 1 / 2 ) 2 = Y, 
and for an integer a write y a / 2 = (Y l l 2 ) a . Under this convention, we 
can write Y^ (1){T h v{dctT) as y W™- 2 )/2y^o)/2(y-i/2 t ^(dctT) jf y G 

^r-i,p(^o)- Then for u = e l define a formal power series R n -i(d , u, X, Y, t) 
in t by 



i? n _ 1 (d ,u;,X,y,0 = ftK,r i -l,M^- 1/2 )- 1 £ G * {B a X (B^ Yt2) 



x(tr -l/2 ) Kdct B 5 (l) (5 / )p -n/2-l rt 2 )G (l) (5 / )p -(n + l)/2 r)w(jB / )> 

More precisely this is an element of C^X -1 ,/ 1 / 2 ,/- 1 / 2 ]^]]. Then 
first we prove 



n^il 1 -^- 1 -"XFt 2 )(i -^-^x-w) 

for w = (cf. Theorem 5.2.6). The polynomials G^(T, X) and 
.Bp 1 -* (T, t) are expressed explicitly and in particular they are determined 
by [br] and the p-rank of T (cf. Lemmas 5.2.1 and 5.2.3). Thus we can 
rewrite the power series R n -i(do, ou, X, Y, t) in more concise form. To 
explain this, we define a formal power series P r ^-(ra; do, u, £, X, Y, t) in 
/ by 



P^n; d , u, f , X, Y, t) = n{d Q , r - j, I, tY^ 2 )- 1 
a p (B>) 



x Yl G " )( ^ / ' e ; x ;f"" t2r) ^(i? / )(^' 1/2 ) Kdct(B,)) 



for w = e z . Here we make the convention that Po°\n; d , oo, £, X, Y, t) = 
1 or according as v(d ) = or not. Moreover we consider a partial 
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series of Pf?2j(n; do, oj, £, X, Y, t) : First let p ^ 2. Then put 

(n; d , e l , £, X, F, t) = n(d , r, Z, tY' 1 ' 2 )- 1 

B'esv(z p ,do)nsv(z p ) p ^ ' 

and 

Q^n; d , e\ £, X, Y, t) = «(d , r - 1, Z, tF" 1 / 2 )- 1 

B'ep- 1 5 r _i(z p ,do)nS r _ 1 (z p ) ' 
Next let p = 2. Then put 

Q&fa d , e\ £, X, Y, t) = K(d , r-l,l, tY' 1 / 2 )- 1 
s'6S r -i(z 2) (io)nS' r _ 1 (z 2 ) a2 ^ ' 

and 

Ql 0) (n; do, e', £, ^, *) = r, /, tr" 1 / 2 )- 1 



x ^ G^^B 1 , £, X, 2 ^_y) £ ^/y ^y-l/2^(det(2B'))_ 

B'es r (z 2 ,do)ns r (z 2 ) e a 2 {2B) 

Here we make the convention that Qfo °\n;do,£ l ,£,X, Y,t) = 1 or 
according as /^(d ) = or not. 

For simplicity, for a while, suppose that co = i, or u(do) = 0. Then by 
using an argument similar to the proof of [[IK06]. Lemma 3.1] we can 
decompose R n -\{do, u, X, Y, t) into the sum of Q^lj(n; d , u, £, X, t) as 
follows: 

i2 n _i(cZ ,w,X,y,£) 

(n-2)/2 ^-1(1 _ p 2i-ly2) n (n-2r-2)/2 (1 _ ^-M-n-ly^) 



E 
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x ^ D 2r (d ,d,Y,t)QfXn-,d d,u,x(d),X,Y,t) 

d€U(n—l,n—2r—l,do) 

' — /2 n;=i(i -p 2, - i y 2 )n,£r 2 ''" 2)/2 (i-j'" 2i "' , " 1 y 2 ( 4 ) 



^ 0(n-2r-2)/ 2 (p 2 ) 

x (1 - x(do)p _1/2 y)QS+i (n; do, w, 1, V, *), 
where U{n—1, n—2r—l, d ) is a certain finite subset of Z*, which will be 
defined in Subsection 5.3, and D2 r {do, d, Y, t) is a polynomial in Y and 
T, which is given explicitly (cf. Theorem 5.3.8). We can express the 
power series Q^lj{n; d , u, £, X, Y, t) in terms of P~}j(n; d , w, £, X, Y, t) 
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(cf. Corollary to Proposition 5.3.9), and thus we can express P n _i(d , oj, X, Y, t) 
in terms of P r _-(n; <^Cb w > £5 X, Y> t) as follows: 



R nr . 1 (d Q ,u,X,Y,t) = (l-p- n t 2 ) 

{n-2)/2 

x{ E P£\n;d d,oj, X (d),X,Y,t) 

1=0 deU(n-l,n-l-2l,da) 
(n-2-20/2 

x n (i-p- 2i -"- 2 ¥)T 2i (rf ,^v) 
i=i 

(n-2)/2 (n-2-2Z)/2 
5(1) 



+ E ^liM^l^Y,*) J] (l-p- 2M ¥)T 2m (d ,Y,t)}, 

(=0 i=2 

where T2 r (do,d, Y) is a polynomial in Y, and T 2r+ i(do, Y, i) is a poly- 
nomial in Y and t, which are given explicitly (cf. Theorem 5.3.10). 
Now we define a formal power series pj?_j(do, oj, £, X, t) in t by 

P<fl j {d , U ,Z,X,t) = K (d ,r-j,l,t)- 1 £ Fp0)( ^' X) a;(B)r^ g ) 
for oj = e l with 1 — 0,1. Then we can express the power series P r _ .(n; do, £, -X", Y, t) 



in terms of Pj: J 2j(d , oj, £, X, i) as follows: 
P r ( ^.(n; d , w, £, X, Y, t) = P r ^.(d , w, & X, tY^ 2 ) [](l-ty™^- w ) 



i=l 

(cf. Proposition 5.3.1). Hence we can rewrite R n _i(d ,oj, X,Y,t) in 
terms of P r _ (n; do, w ; -X> Y, £) in the following way: 

n/2-1 



R^xido^XXt) = (1 -P~ n t 2 ) n (! ~P~ 2n+2l t 4 



^-2n+2i+4\ 
y± - f 

i=l 

(n-2)/2 / 



x £ n^ 1 -^ 2 ^ 3 ^ 4 )^ E P£\d d,u, X (d),X,tY-^)T 2l (d ,d,Y) 

1=0 i=l deU(n-l,n-l-2l,d ) 
(n-2)/2 

+ E ^i+i^c^l^^Y-^^+^do,^^}. 
z=o 

An explicit formula of Pr°\do, oj, £, X, t) has been essentially given in 
|IK06] as will explained later, and P r _ 1 (do, £, X, t) will be given 
similarly (cf. Theorem 4.5). Thus we obtain an explicit formula for 
Hn-i(da, oj, X, Y, t) in this case. Similarly we obtain an explicit for- 
mula of H n _i(do,u,X,Y,t) for the case z/(do) > and oj = e. Each 
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step is elementary, but rather elaborate. In particular we need a care- 
ful analysis for dealing with the case of p = 2. 

5.1. Preliminaries. 

For two elements S and T of S m (Z p ) x and a nonnegative integer 
i < m, we introduce a modification a p (S,T,i) of the local density as 
follows: 



a p (S,T,i) = 2- 1 lim p^ m +m(m+1 W e A e (S,T,i), 

e—too 

where 

MS, T, t) = (xe MS, T) I x e v m ^. 



■"pi ■ 



Lemma 5.1.1. Let S andT be elements of S m (Z p 
(1) Let tt{S,T) = {W G M m (Z p ) x | S[W] ~ T}, and tt(S,T,i) 
£l(S, T) n V m> i. Then 

= #(fi(5,T)/GL m (Z p ))p-(^ dctr )-^ detS ))/ 2 , 



and 

a ^ T ^ = #(n(s,T,i)/GLUz P ))p- m{u(dctT) - u{dcts))/2 



a p (T) 

(2) Lei 0(5', T) = G M m (Z p ) x | S ~ TfW^ 1 ]}, and fi(5,T,z) = 
0(5', T) n T> mji . Then 

= #(GL m (Z p )\fi(S,T))^( dctT )-^ det5 ))/ 2 , 

a p [b) 

and 

= #(GL m (Z p )\fi(S,T,.))^( dc ^)-^ dct5 ))/ 2 . 

Proof. The assertion (1) follows from Lemma 2.2 of [BS87]. Now by 
Proposition 2.2 of |Kat99j we have 

a p (S,T)= MS,T[W- l ])p^ w \ 
weGL m (Zp)\n(s,T) 

Then P p (S,T[W- 1 }) = a p (S) or according as S ~ T^- 1 ] or not. 
Thus the assertion (2) holds. □ 

A non-degenerate square matrix D = (dij) mxm with entries in Z p is 
said to be reduced if D satisfies the following two conditions: 

(a) For % = j , da = p ei with a non- negative integer e$; 

(b) For i 7^ j, dij is a non- negative integer satisfying < p 6 ? — 1 
if z < j and = if i > j. 



IKEDA'S CONJECTURE 23 

It is well known that we can take the set of all reduced matrices as a 
complete set of representatives of G L m (Z p )\M m (Z p ) x . Let j = or 1 

according as m is even or odd. For B G Cm,p put 

qU)(B) = {We M m (Z p ) x | B[W~ l ] e 

Furthermore put Q^(B,i) = Q^(B) nV mA . Let n < m, and ip no m 
be the mapping from GL no (Q p ) into GL m (Q p ) defined by ip n0jm (D) = 

l?rt— no -LZ). 

Lemma 5.1.2. (1) Let p ^ 2. Let G GL no (Z p ) n S no (Z p ), and B x G 

(1.1) Let n be even. Then i^ m - no ,m induces a bijection 

GL^Z^^pB,) ~ GL m (Z p )\QW(e±pS 1 ), 

where j = or 1 according as m is even or odd. 

(1.2) Let no &e odd. TTien ip m - n0tm induces a bijection 

GL m _ no (Z p )\Q^(pB 1 ) ~ GL m (Z p )\fi^')(e±pS 1 ), 

where j = or 1 according as m is even or odd, and j' = 1 or 
according as m is even or odd. 

(2) Lei p = 2. Lei m be a positive integer, and no an even integer not 
greater than m, and G GL no (Z2) H 5 , no (Z2) e - 

(2.1) Lei L?i G S , m _ ri0 (Z2) x . T/ien ip m - n0jm induces a bijection 

GL m _ no (Z 2 )\n^(2^ 1 B 1 ) ~ GL m (Z 2 )\fi(^(2^0L2^ 1 J B 1 ), 

where j = or 1 according as m is even or odd. 

(2.2) Suppose that m is even. Let a G Z 2 snc/i i/iai a = — 1 mod 4, 
and L?i G 5 , m - no -2(Z2) x - L/ien i/) m - no -i,m induces a bijection 

GL m _ no _ 1 (Z 2 )\^ 1 \a±AB 1 ) 

~ GL m (Z 2 )\fi (o) (0^(i4 i ) ±25 i)- 

(2.3) Suppose that m is even, and let B 1 G S , m _i_ no (Z 2 ) x . Tnen i/jere 
exisis a bijection i/) m -n -i,m 

GL m _ no _ 1 (Z 2 )\fi (1) (4 J B 1 ) ~ G'L m (Z 2 )\^ o )(0±2±2L? 1 ). 

f^4s to// fre seen /aier, ip m - no -i,m is not induced from i/) m -n -i,m-) 

(3) The assertions ( 1), (2) remain valid if one replaces Cl^(B) byfl^(B,i). 

Proof. (1) Clearly the mapping ip m - no ,m induces an injection from 
GL m _ no (Z p )\fJfe')(pBi) to GL m (Z p )\Q^(e±pB 1 ), which is denoted 
also by the same symbol ip m - no ,m- To prove the surjectivity of ipm-n ,m, 
take a representative L> of an element of G L m {Z p )\VL^\Q l.pBi) . With- 
out loss of generality we may suppose that D is a reduced matrix. 

Since (Q^pB^D- 1 ] G S m {Z p ), we have D = ^ ^ ^ ^ with D x G 
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Cl^(pBi). This proves the assertion (1.1). The assertion (1.2) can be 
proved in the same way as above. 

(2) First we prove (2.1). As in (1), the mapping ip m -n , m induces an 
injection from 

GL m _ no (Z 2 )\Q^(2^ +1 B 1 ) to GL m (Z 2 )\Vl ( - j) (^Q±2^ 1 B 1 ), which is de- 
noted also by the same symbol ip m -n ,m- Then the surjectivity of ip m -n ,m 
in case j — can be proved in the same manner as (1). To prove 
the surjectivity of ip m ~n ,m in case j = 1, take a reduced matrix D = 

( D D D 2 ) withjDl G M no(^) x ,D 2 G M m _ no (Z 2 ) x , J D 12 G M no „(Z 2 ). 

If (2G_L45i) [D^ 1 ] G £^2> then there exists an element (ri,r 2 ) G 
Z r 2 l ° x ZIT n ° such that 

20[ J D 1 - 1 ] = -Viri mod 4£„ , 2 , 
-2e[D^]D 12 D 2 l = - t r 2 r l mod 2M„ , m _„ (Z 2 ), 

and 

2Q[D^ 1 D 12 D 2 1 ]+AB l [D 2 1 ] = -V 2 r 2 mod 4£ m _„ , 2 . 
We have ord(det(26[-Df *])) > n , and ord(20) = n . Hence we have 
D 1 = l no , and n = mod 2. Hence 4 J B 1 [ J D 2 ~ 1 ] G 4^_ no , and D 12 D 2 X G 

M„ , m _ no (Z 2 ). Hence L> = C/ ^ ^° ^ ^ with [/ G GL m (Z p ). Thus 

the surjectivity of ip m - no ,m can De proved in the same way as above. 
The assertion (2.2) can be proved in the same way as above. 

To prove (2.3), we may suppose that n = in view of (2.1). Let 
D G QW(4 J B 1 ). Then 

AB^D- 1 } = - Vo + 45' 

with r G Z™ -1 and B' G £ m -i,2- Then we can take r G Z™ -1 such 
that 

4 *.D _1 t rrD~ 1 = - V r mod 4£ m _i i2 . 
Furthermore, 2rD~ 1 is uniquely determined modulo 2Z 2 n ~ 1 by ro- Put 

^ = ( L ) ' Then ^ belon S s to ^ {0) (2±2B 1 ), and the mapping 
D^D induces a bijection in question. □ 

Corollary. Suppose that m is even. Let B G C^_ lp , and B^ = 

(1 t'b/2 \ 

t m / n , t \ i a I r B G Z™" 1 as defined in Section 1. 

V B /2 (5 + V B r s )/4 y ^ p J ^ 

T/ien i/iere exists a bisection 

i> : GL m _ 1 (Z p )\fi( 1 )( J B) ~ GL m (Z p )\h (0 \2B^) 

such thatu(det(i/j(W))) = u(det(W)) for any W G GL m _ 1 (Z p )\fiW( J B). 
This induces a bijection ipi from GL m ^i(Z p )\(l ( - 1 \B,i) to 
GL m (Z p )\n^(2B^,i) fori = 0, • • • ,m- 1. 



IKEDA'S CONJECTURE 25 

Proof. Let p ^ 2. Then we may suppose r% = 0, and the assertion 
follows from (1.2). Let p = 2. If = mod 2 we may suppose that 
re = 0, and the assertion follows from (2.3). If r# ^ mod 2, we may 
suppose that B = a±.ABi with B\ G £^,_ 22 and r B = (1,0, ...,0). 
Thus the assertion follows from (2.2). □ 

Lemma 5.1.3. Suppose that p ^ 2. 

(1) Let B G S m (Z p ) x . Then 

a p (p r dB) = p rm ^ m+1 ^ 2 a p {B) 

for any non-negative integer r and d G Z*. 

(2) Let U x G GL no (Z p ) n S„ (Z P ) and ^ G S m _„, (Z p ) x . Then 

a p (pB 1 ±Ui) = a p {pBi) 

2 n^fC 1 - P~ 2i )(! + x((-l) no/2 det I/i)?-™/ 2 )- 1 if n even, 

2nl=i~ 1)/2 (l-P~ 2i ) if n odd. 

Proof. The assertions follow from the proof of Theorem 5.6.3 and The- 
orem 5.6.4, (a) of Kitaoka [Kit93] . □ 

Lemma 5.1.4. (1) Let B G S m (Z 2 ) x . Then 

a 2 {2 r dB) = 2 rm{m+1)/2 a 2 {B) 

for any non-negative integer r and d G Z 2 . 

(2) Let n be even, and U\ G GL no {Z 2 ) PI S no (Z 2 ) e . T/ien /or £>! G 
rt (Z 2 ) x we /iciue 

a 2 (f/ 1 ±25 1 ) = a 2 (2Si) 

2 nr=f (1 " 2 ~ 2i )(l + X((-1)" 0/2 det U^p-^' 2 )- 1 if fix G S, t 



x 



X 



m—no 



2nl=r 1)/2 ( 1 -2" 2i ) ifSiG5„ 



'm—no 

and for u G Z 2 and B 2 G S , m _ no „i(Z 2 ) x we Ziave 

n /2 

a 2 K^2f/ 1 ±45 2 ) = a 2 {2B 2 )2^ m - 2 ^ m -^l 2+l - 2~ 2i ). 

8=1 

Proof. The assertions follow from the proof of Theorem 5.6.3 and The- 
orem 5.6.4, (a) of Kitaoka [Kit93j . □ 

Now let R be a commutative ring. Then the group GL m (R) x R* 
acts on S m (R). We write £>i ~# B 2 if £> 2 ~i? with some £ G -R*. 
Let m be a positive integer. Then for 5 G 5 TO (Z P ) let S m , p (B) denote 
the set of elements of S m (Z p ) such that B' m Zp B, and let S m -i, p (B) 
denote the set of elements of S m -\{Z P ) such that 1_L£>' ^ Zp B. 

Lemma 5.1.5. Let m be a positive even integer. Let B G S m (Z 2 ) x . 
Then 

1 #(5 m , 2 (B)/ ~) 
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Proof. For a positive integer I let / = l\ + • • • + l r be the partition 
of I by positive integers, and {sj}[ =1 the set of non-negative inte- 
gers such that < s\ < ■ ■ ■ < s r . Then for a positive integer e 
let S°(Z 2 /2 e Z 2 , {li}, { Si }) be the subset of S z (Z 2 /2 e Z 2 ) consisting of 
symmetric matrices of the form 2 Sl Ui-L2 S2 U 2 -L • ■ ■ ±.2 Sr U r with [/, G 
S k (Z 2 /2 e Z 2 ) unimodular. Let B G S m (Z 2 ) and det£ = (-l) m / 2 d 
Then B is equivalent, over Z 2 , to a matrix of the following form: 

2*Wi±2'W 2 ± • • • ±2 tr W r , 

where = t\ < t\ < • • • < t r and Wi, W r _i, and W r are unimodular 
matrices of degree n 1; ...,n r _i, and n r , respectively, and in particular, 
W\ is odd unimodular. Then by Lemma 3.2 of |IS95j . similarly to (3.5) 
of |IS95j . for a sufficiently large integer e, we have 

#(S„, 2 (B)/~) _ ^ 1 



E 



a 2 (S) _ J-^ a JB) 

= 2 m_1 2~ i/( - d ' l+ ^^ 1 "•("•- 1 ) e / 2 -( r - 1 )( e - 1 )-Ei<j<,< r n.njtj 
r 

x J] #(5L ni (Z 2 /2 e Z 2 ))- 1 #^(Z 2 /2 e Z 2 , {n,}, {U}, B), 

i=l 

where S%\z 2 /2 e Z 2 , {m}, {*«}, 5) is the subset of S%\z 2 /2 e Z 2 , {m}, {*«}) 
consisting of matrices A such that A ~z 2 /2 e z 2 B. We note that our local 
density a 2 {B) is 2~ m times that in [1595] for 5 G S m (Z 2 ). If n x > 2, 
put r' = r, n'i = ri\ — 1, n' 2 = n 2 , ..,n' r = n r , and t\ = tj for i = 1, ■■■,r', 
and if n\ = 1, put r' — r — l,n^ = n i+ i and ^ = t i+ i for i — 1, ...,r'. Let 
Sil(Z 2 /2 e Z 2 , {n<}, {*,}, 5) be the subset of Si°^(Z 2 /2 e Z 2) {«£}, #}) 
consisting of matrices 5' G S' m _i(Z 2 /2 e Z 2 ) such that 1_L5' ~z 2 /2 e z 2 -B- 
Then, similarly, we obtain 



E 



a 2 (B0 

B'e5 ro _ 1]2 (B)/~ ^ v y 

= 2 m - 2 2~^ )+E -i n '» (n ^ 1)e/2 ~ (r '" 1)(e " 1) " E i<^<»<''' n i n ^i 

r' 

x II #(^(Z 2 /2 e Z 2 ))- 1 #4 l 1 (Z 2 /2 e Z 2 , K}, {<}, 5). 
i=i 

Take an element A of S ( £\z 2 /2 e Z 2 , { ni }, {U}, B). Then 

A = 2 S1 U 1 ±-2 S2 U 2 ±. ■ ■ ■ ±_2 Sr U r 

with Ui G S ni (Z 2 /2 e Z 2 ) unimodular. Put U\ = (u\n) niXm . Then by 
the assumption there exists an integer 1 < A < n\ such that u\\ G Z 2 . 
Let Ao be the least integer such that ma a G Z 2 , and V\ be the matrix 
obtained from JJ\ by interchanging the first and Ao-th lows and the first 



Vi 
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and Ao-th columns. Write V\ as V\ — ^ ^ ^ j with v\ G Z^, Vi G 

Mi ini _i(Z 2 ), and V G S , ni _i(Z 2 ). Here we understand that V — *ViVi 
is the empty matrix if m = 1. Then 

«i 
V - 'v^fVi 

Then the map A ^ v 1 - 1 (2 tl (V - t VxV^ 1 Vi)±2 t2 U 2 ± • • • ±-2 tr U r ) in- 
duces a map T from ^ 0) (Z 2 /2 e Z 2 , {n,}, {t,}, B) to S i ° ) _ 1 {Z 2 /2 e Z 2 , {n<}, {tfj, 5). 
By a simple calculation, we obtain 

#T- l (B') = 2( £ - 1 )™ 1 (2 ni - 1) 

for any 5' G 5^ 1 (Z 2 /2 e Z 2 , {n^}, {t<}, 5). We also note that 

#SL ni (Z 2 /2 e Z 2 ) = 2( e - 1 )( 2 " 1 - 1 )2"^ 1 (2" 1 -l)#(SL ni _ 1 (Z 2 /2 e Z 2 )) or 1 

according as ni > 2 or ni = 1, and 

r 

y^ra^rij - l)e/2 - (r — l)(e — 1) - ^ n^t,- 

j=l l<j'<i<r 
r' 

= e ni +5>;(n:-l)e/2-(r'-l)(e-l)+ ^ n^, 

i=l l<j<i<r' 

where e ni = (n\ — l)e or e ni = 1 — e according as ri\ > 2 or ri\ = 1. 
Hence 

r 

x J] #(SL ni (Z 2 /2 e Z 2 ))- 1 #SW(Z 2 /2 e Z 2 , {n t }, {U}, B) 



2 • 2 m " 2 2 _!y(a!)+E - iri > (ri ^ 1)e/2_(r ' _1)(e_1)_El <^<»<''' n * n J^ 

r 

J] #(SL n ,(Z 2 /2 e Z 2 ))- 1 #Si l 1 (Z 2 /2 e Z 2 , K}, {fj, 5). 



r 

X 
t=l 

This proves the assertion. □ 



The following lemma follows from [ [IK06j . Lemma 3.4]: 

Lemma 5.1.6. Let I be a positive integer, and q,U and Q variables. 
Put 4> r {<l) — rii=i(l — f or a nonzero integer r. Then 
i 

- U- l Qq-' l+l )U l 



i=l 



-1> 



l—m 



m=0 i=l i=l 
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The following corollary follows directly from the above lemma, and 
will be used in the proof of Theorem 5.3.10. 

Corollary. Let t and Y be variables, and p a prime number. 
(1) We have 

( n - 2 )/ 2 Tt 171 - 1 ^ r 2i-l V 2\T-((n-2m-2)/2 ( , 2 i-n-l v2j.4\ 
^ ( l\m p m-m 2 lli=0 1 L ~ P Y )lli=l I 1 ~ P Y 1 ) 

^ <Pm(p- 2 )<P(n-2)/2-rn(p- 2 ) 



n (n-2)/2 (1 _ p -2.-n t 4 )(p -l y2) (n-2)/2 
0(n-2)/2(P" 2 ) 

(2) For a positive integer I < (n — 2)/2 we have 

(n-2-20/2 ; +m _! 2 rf (n-2i-2m-2)/2 /, 2 i-n-l V 2+4\ 

^ (l>m{p- 2 )(i>{n-2-2l)/2- m (p- 2 ) 

111=1 (i - p 2 '- 1 !" 2 ) IIi=T 2f ~ 2)/2 (i -p- 2 *-^ 4 )^ 2 '-^ 2 )^- 2 '- 2 )/ 2 

0(n-2-2O/2(P" 2 ) 

(3) For a non-negative integer I < (n — 2)/2 we /lave 

(n-2-2/)/2 ; +m 2 j-lv2-\ rr( n_2i_2m " 2 )/ 2 n „-2i-n-lv2+4\ 

^ <Pm(p- 2 )<P(n-2-2l)/2- m (p- 2 ) 

^1 - p 2i - 1 F 2 ) J-j(™- 2 '- 2 )/ 2 (]_ _ p-2i-n-2 £ 4^2Z+ly2^(n-2J-2)/2 
0(n-2-2O/2(P" 2 ) 

(4) For a non-negative integer I < (n — 4)/2 we /iove 

^ 0m(P~ 2 )0(n-4-2/)/2- m (^ 2 ) 

Fj' ^1 _ p 2i - 1 y 2 ) F{ ( ™~ 2 '~ 4)/2 (1 - p-2i-n-2 £ 4^2Z+ly2^(n-2J-4)/2 

0(n-4-2O/2(p" 2 ) 

5.2. Formal power series of Andrianov type. 

For an m x m half-integral matrix B over Z p , let denote the 

quadratic space over Z p /pZ p defined by the quadratic form q(x) = 
B[x\ mod p, and define the radical R(W) of W by 

R(W) = {x G PF | 5(x, y) = for any y G W}, 

where denotes the associated symmetric bilinear form of q. We then 
put l p {B) = rank Zp / pZj) F(lF)- L , where F(VF)- 1 is the orthogonal comple- 
ment of Fl(VF)- 1 - in W. Furthermore, in case l p (B) is even, put £ p (B) = 1 
or —1 according as RiW) 1 - is hyperbolic or not. In case l p (B) is odd, 
we put £ p (B) = 0. Here we make the convention that £ P (B) = 1 if 
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l p (B) = 0. We note that £ p (B) is different from the £ P (B) in general, 
but they coincide if B G £ m , p fl \GL m (Z p ). 

Let m be a positive even integer. For _B G £^_i p put B^ = 
/ 1 r/2 \ 

(/-,«_. / „ * w . , where r is an element of Z™ -1 such that i? + 
y V/2 (_B + Vr)/4 y p 

Vr G 4£ m _ ljP . Then we put £ (1) (5) = and = 

These do not depend on the choice of r, and we have ^^(B) = l) m / 2 det 5). 
Let p ^ 2. Then an element -B of is equivalent, over Z p , to 

©Lp^x with G GL m _ m _i(Z„) n S m _ ni '_i(Z p ) and Bi G S ni (Z p ) x . 

Then ^(5) = if m is odd, and£ (1) (5) = x ((-l) {m ' ni)/2 det 0) if m is 
even. Let p — 2. Then an element 5 G £^-1,2 is equivalent, over Z 2 , to 
a matrix of the form 20_L5i, where G GL m - ni - 2 (Z 2 )r\S m - ni - 2 (Z 2 ) e 
and i?i is one of the following three types: 

(I) B x = a±AB 2 with a = -1 mod 4, and 5 2 G 5 ni (Z 2 ) e x ; 
(II) £?! G4 1 S„ 1+1 (Z 2 ) X ; 

(III) fii = a±45 2 with a = -1 mod 4, and B 2 G S ni (Z 2 ) . 

Then £ (1) (5) = if £i is of type (II) or type (III). Let B 1 be of type 
(I). Then (— l)^ m ~ ni ^ 2 a det mod (Z* 2 ) n is uniquely determined by B, 
as will be shown in Lemma 5.3.2, and we have 

£ ( V)=x((-l) (m - ni)/2 adet0). 

Let j = 0, 1. For an element T G £^L,- , let G p \t, X, t) be the polyno- 
mial and in X, X -1 and i, and G p \t, X) the polynomial in X defined 
at the beginning of Section 5. We note that 

Gf{T,X, 1) = X- eU) ^G^\T,Xp^ m+1 ^ 2 ). 

Suppose that p ^ 2, and let U = U p be a complete set of representatives 
of Z*/ (Z*) n . Then, for each positive integer / and d G ZY P , there exists 
a unique, up to Z p -equivalence, element of Si(Z p ) fl GLi(Z p ) whose 
determinant is (— l)^ l+1 ^ 2 ^d, which will be denoted by 0/ )rf . Suppose 
that p — 2, and put U = U 2 = {1,5}. Then for each positive even 
integer / and d ElA 2 there exists a unique, up to Z 2 -equivalence, element 
of Si(Z 2 ) e fl GLi{Z 2 ) whose determinant is (— l) l ^ 2 d, which will be also 
denoted by 0^. In particular, if p is any prime number and / is even, 
we put 0; = 0^i We make the convention that 0/^ is the empty matrix 
if I — 0. For an element d G U we use the same symbol d to denote the 
coset d mod (Z*) n . 

Lemma 5.2.1. Let n be the fixed positive even integer. Let B G C^l lp 
and put £ = x((-l) n/2 det B). 

(1) Let p 7^ 2, and suppose that B = n _ ni _ li(J _Lpi? 1 with d G U and 
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B 1 G S ni (Z p ) x . Then 



G£\B,Y) 



v 

/ l if m = o, 

m/2-i 

(1 - £ p n/2 Y) JJ (1 -p 2i+n F 2 )(l + p ni/2+n/2 t 1) (B)Y) if m is positive 

i=i 

and even, 

(ni-l)/2 

(1 - £ p n/2 Y) Y[ (l-p 2i+n Y 2 ) if m is odd. 

8=1 

(2) Let p = 2, and suppose that B = 26_L£>i with 9 G S , n _ ni _2(Z 2 ) e D 
GL„_ ni _2(Z 2 ) and Bi G S , ni+ i(Z 2 ) x . T/ien 

l if m = o, 

ni/2-1 

(1 - e 2 n/2 F) [J (1 - 2 2i+n y 2 )(l + 2 n ^ 2+n / 2 l (1 \B)Y) if m is positive 
i=i 

x / and £?i is of type (I), 

ni/2 

(1 - £ 2 n/2 F) JJ (1 - 2 2i+n F 2 ) if B x is of type (II) 

or (III). 

Here we remark that n% is even. 

Proof. By Corollary to Lemma 5.1.2 and by definition we have Gp (B, Y) = 
G P (B ( - 1 \ Y). Thus the assertion follows from Lemma 9 of |Kit84j . □ 

Lemma 5.2.2. Let m be a positive even integer, and j = or 1. Let 
B G C ( £_ j>p . Then 



Oip \t> J 



x G {j) ( B', p { ~ m ~ l),2 X) (j)~ l X) Mdct B )- U ^ dct B '))/ 2 . 



IKEDA'S CONJECTURE 31 

Proof. We have 
F®(B,X) 

X-' U) ^G^\B[W- 1 ],p^ m ^ 2 X)X 2 ^ dctW ^ 

WeGL rn . j {7, p )\Qii){B) 

= ^2 ^2 x-* U)(B) G ( p(B\p(~ m ~ 1)/2 X)X MActW) 

B'eC^ > _j p /GL m -j(Z p ) W(zGL m -j(Z p )\fl(B' ,B) 

X- e(J) ( B ')#(GL m _^Z p )\fi( J B / , J B))p(^ dctB )-^ dctB '))/ 2 



B'eC^./GL^iZp) 



x ( B', p^ m ~ 1)/2 X) (p^X) (l/(dct B )~ u ( dct B '))l 2 . 
Thus the assertion follows from (2) of Lemma 5.1.1. □ 



Now let B^(B,t) be the polynomial in t defined at the beginning 
of Section 5. Then by Lemma 5.2.1 we have the following: 

Lemma 5.2.3. Letn be the fixed positive even integer. Let B G . 

(1) Let p 7^ 2, and suppose that B = ® n _ ni _i jd ±.pB 1 with d G U and 
B x G S ni (Z p ) x . Then 



B?{B,t)=< 



(n-m-2)/2 

(l-t 1) (B)p ini ~ n+1)/2 t) Yl (l-p~ 2l+ H 2 ) if m even, 

i=l 

(n-m -l)/2 

f] (l - p~ 2i+ V) if m odd. 

i=i 



(2) Le£ p = 2, and suppose that B = 26_L£>i G 2 @ G 

,S n _ ni _ 2 (Z 2 ) e n GL n _ ni _ 2 (Z 2 ) and Si G S ni+ i(Z 2 ) x . Then 

B£\B,t) 

(n-ni-2)/2 

(1 - e (1) ( J B)p( ni - n+1 )/ 2 t) ]] (1 - p- 2i+1 t 2 ) if B 1 is of type (I), 

i=i 

(n-ni-2)/2 

'} [ (1 - p- 2i+ H 2 ) if 5! is of type (II) or 

1=1 

Let m be a positive even integer and j — 0, 1. For a non-degenerate 
half-integral matrix T over Z p of degree m — j, put 

R®(T,X,t)= F^(T[W},Xy {dctW \ 
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This type of formal power series was first introduced by Andrianov 
[And87] to study the standard L-function of Siegel modular form of in- 
tegral weight. Therefore we call it the formal power series of Andrianov 
type. (See also Bocherer |Boc86j .) The following proposition follows 
from (1) of Lemma 5.1.1. 

Proposition 5.2.4. Let m be a positive even integer and j = or 1. 



Let T G C^_ jjt . Then 



^ F P ( B i X ) a p( T i B ) t ,y(detB) = t u( - detTS >R^\T,X,p~ m+j t 2 ). 



a p (B) 

The following theorem is due to |KK10j . 
Theorem 5.2.5. Let T be an element of C^l l p . Then 

R{1)(T xt)= $\T,p»/^H)G<S;\T,X,t) 

In |BS87] . Bocherer and Sato got a similar formula for T G Cn,p- We 
note that the above formula for p / 2 can be derived directly from 
Theorem 20.7 in [ShiOOj (see also Zhuravlev [Zhu85j). However, we 
note that we cannot use their results to prove the above formula for 
p = 2. Now by Theorem 5,2,5, we can rewrite H n _i(u,d ,X,Y,t) in 
terms of R n -i(do, u, X, Y, t) in the following way: 

Theorem 5.2.6. We have 

K (do, n-l,l, t)Rn^(d , u, A, Y, t)Y^/ 2 



H n -x(do,u,X,Y,t) 



Y[ n j=l (l - P j - l - n XYt 2 ){l - pi-^X^Yt 2 ) 
for uj = e l . 

Proof. By Lemma 5.2.2, we have 

H n . l (d ,u,X,Y,t)= Yl F ^fW r (dctB) 



B'ec m 



Let B and B' be elements of C^_ lp , and suppose that a p (B', B) ^ 0. 
Then we note that B G C^_ l p {do) if and only if B' G C^l l p (d ). Hence 
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by Proposition 5.2.4 and Theorem 5.2.5 we have 

H n ^i(d , u,X,Y,t) 

r^(W T)-( n + 1 )/ 2 ViV- e<1) (s') 

p — — —ipY-Y detB ' y MB') 



v \^ F p\ B ,X)q> p (B' Vg) ( .2-l v \v(detB)/2 



Gp {B ' P — f^- f <** b MB')R {1) (B', X, t 2 Yp 



^ } — ^ „(ff')yj/(rio)/2yfo. P (n-2)/2 ^y-l/2^l/(det B') 



n?=i(i -p ? '- 1 - n ATt 2 )(i-p»- 1 -»x- 1 yt 2 ) 

re(do, n - 1, Z, ^- 1 / 2 )^ n _ 1 ((io, w, X, Y, t )y(*)/2yfc J) (n-2)/2 

nj=i(i -^'- 1 - n A'yt 2 )(i -^-"X-w) 

Thus the assertion can be proved by remarking that 
K(d , n-l,l, ty-i/2)y5 2 , P (n-2)/2 = K ^ n-ijj). 

□ 



5.3. Formal power series of Koecher-Maass type and of mod- 
ified Koecher-Maass type. 



Let r be an even integer. For do G J- p ,j = 0,1 and I = 0, 1, let 
Pr-j(do, oo, £, X, t) be the formal power series in t defined at the begin- 
ning of Section 5. In particular we put P r _ (d , u,X,t) = P^2j(d , u,l,X,t). 
This type of formal power series appears in an explicit formula of the 
Koecher-Maass series associated with the Siegel Eisenstein series and 
the Duke-Imamoglu-Ikeda lift (cf. |IK04] . |IK06j ). Therefore we say 
that this formal power series is of Koecher-Maass type. 

For T G 4-j, P let Gp \T, £, X, t) be the polynomial defined at the 
beginning of Section 5. Moreover for £ = ±1, and j = 0, 1, let 
Pr J 2j(n; d , oo, £, X, Y, t) be the power series in t defined at the beginning 
of Section 5, which is said to be of modified Koecher-Maass type. The 
relation between P^_j(n; d , oo, £, X, Y, t) and Pj?2j{do, oo, £, X, t) will be 
given in the following proposition: 
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Proposition 5.3.1. Let r be a positive even integer. Let co = e l with 
I = 0, 1, and j = 0, 1. Then 

P^(n; d , co, £, X, Y, t) = P^(d , co, t, X, tY^ 2 ) JJ(l-t V"-^). 

i=l 

Proof. For z = 0, r — j put 



Be 4^. p (do) 06GL r _ 3 (Z p )\2? r 

Then we have 



£(_!) y(i-i)/a (p - nfay) i K(doj r _ J; h tY-^y'P^do, co, £, X, tY- 1 ' 2 ). 



i=Q 



By (2) of Lemma 5.1.1 we have 
P^{d ,uj,i,X,t) 

1 Fl?\B',S,X)a p (B',B,i) 

^ M^y ^ u{ ) 



a p (B) a p (B>) 

x -(j/(detB)-i/(detB'))/2^i/(detB) 



Let S and B 1 be elements of Cr-j,p> anc ^ suppose that a p (B', B, i) ^ 0. 
Then we note that B 6 . (d ) if and only if £?' G C^l^ p (d ). Hence 
by (1) of Lemma 5.1.1 we have 

P^(do,u^X,t) 

Fp ' (B',£, X) v f detB ')/2 , J DA U^-l/2\u(detB) a p(^'^^) 



J2 - v y^V (dfltB/)/ M^) E (^ 1/2 )' 



(j), 



^ F p (£', g, ^) p ,(detB0/2 (tp -l/2 ) ,(detB0 (t 2 p -r+i-iy #(G;jLr _ .( Zp )\P r 



B'64 J 4 p (do) 



By Lemma 3.2.18 in |And87] , we have 
#(GL r _j(Z p )\P r 



= <j>r-j(p) 
''~ hl <t>i{p)<i>r-j-i(p)' 
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Hence 

P r %(d ,u,£,X,t) 



Fp\B',£,X) m n u(dct B>) <t>r-j{p) , 2 -r+j-ly 



(j)i(p)(j)r~j~i(p) 

Thus, by (3.2.34) of |And87j . we have 
P r ^An;d ,u,C,X,t) 



K(d , r - j, I, t)P^Ad , oo, e, X, t){t 2 p' r+ ^)\ 



r-j 



^(-i)y(^(p^-y)' ^ {p) - pff (do, w , e, x, 

P^(d , to, & X, tY-W) - t 4 p- n - r+ ^ 2+i )- 



i=i 

□ 



Now let r be an even integer, and for j = 0, 1, let Q^lj(n; do, uo, £, X, Y, t) 

be the partial series of P®j(n; d , to, f , X, Y, t) defined at the be 
of Section 5. To consider the relation between 

P r %(n;do,e l ,^X,Y,t) and Q%{n; d , e l , £, X, Y, t), 

and to express R n -\{do, e l , X, Y, t) in terms of P r _ .(n; do, e l , £, X, Y, t), 
we provide some more preliminary results. First we review the canon- 
ical forms of the quadratic forms over Z 2 following Watson |Wat76j . 

Lemma 5.3.2. Let B G £„ 2 . Then B is equivalent, over Z 2 , to a 
matrix of the following form: 

where Vi = -LjLi c r/ with < fcj < 2, Cy G Z 2 and Ui = \Q mi ,d with 
< rrii,d G W. The degrees ki and rrii of the matrices are uniquely 
determined by B. Furthermore we can take the matrix _L[ =0 2*(Vi_L£/i) 
uniquely so that it satisfies the following conditions: 

(c.l) en = ±1 or ±3 if hi = 1 and(cii,c i2 ) = (1, ±1), (1, ±3), (-1, -1), 

or (-1,3) ifk = 2; 
(c.2) k i+2 = ki = ifUi+2 = |@m I+2 ,5 with m i+2 > 0; 
(c.3) — det Vi = 1 mod 4 if ki = 2 and U i+ i = \Q> mi+1 5 wii/i > 

0; 

(c.4) detV* = 1 mod 4 if h,k i+l > 0; 

(c.5) "I 1 ° ) > 0; 
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(c.6) Vi = <f>, (±1), Q ±i yor\^ Q _ 1 jzfk l+2 >0. 

The matrix satisfying the conditions (c.l) ~ (c.6) is called the canonical 
form of B. 

The following lemma follows from [[Kit93j, Theorem 3.4.2]. 
Lemma 5.3.3. Let m and r be integers such that < r < m, and 

d ez;. 

(1) Let p 2, and T G S r (Z p , d ). Then for any d we have 

e(9 m _ M l_T) = ((-lf m - r+1 ^d,d ) p e(T). 
Furthermore we have 

(p, d ) p e(T) if r even, 

(p, {-lY r+1 ^ 2 ) p e{T) if r odd, 



e(pT) 
and 



e(aT) = (a,d ) r p +1 s(T) 

for any a G Z*. 

(2) Let p = 2, and T G S r (Z2, do). Suppose that m — r is even, and let 
d eW. Then for = 2© m _ r ^ or 9 = 20 m _ r _ 2 _L(— a 1 ) /iai>e 

e(61_T) = (-l)( m - r )( m - r + 2 )/ 8 ((-l)( m - r )/ 2 d,(-l)[( r+1 )/ 2 W ) 2 e(T), 
and 

e(e m _ M ±T) = (-i)( m - r )( m -'-+ 2 )/ 8 (2,rf) 2 ((-i)( m -'-)/ 2 c /, (-i)[( r+1 )/ 2 ]rfo) 2 e(r). 

Furthermore we have 

e(2T) = (2,d ) r 2 +1 e(T), 

and 

e(alT) = (a,(-lf r+1 ^ +1 d ) 2 e(T) 
for any a G Z 2 , and 

(a, do) 2 e(T) if r even, 

(a, (-l)( r+1 )/ 2 ) 2 e(T) if r odd 



e(aT) 



/or any a G Z 2 . 

Henceforth, for a while, we abbreviate S r {Z p ) and S r (Z p ,d) as 5V lP 
and Sr yP (d), respectively. Furthermore we abbreviate SV(Z 2 ) X and 5 r (Z 2 , d) x 
as S rt 2;x and S rt 2(d) x , respectively, for x = e,o. 

Let m be a positive even integer, and r a non-zero integer. Let p ^ 2. 
For £ = ±1 and j = 0, 1 let H 2 ^ + -^ be a GL 2r+ -,(Z p )-invariant function 
on 5 , 2r+ j(Zp) x satisfying the following conditions: 

(H-p-1) tfi O) 5 (0 m _ 2M l_pB) = H^ x{d) {pB) for any r < m/2, £ = ±1, d G 
U and 5 G S 2r (Z p ) x ; 
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(H-p-2) ^l ie (e m _ 2r _ 2 , d ±pS) = H { iX u {pdB) for any r < m/2 - 

l,f = ±l,d G W and B G S 2r+ i(Z p ) x ; 
(H-p-3) //^(e m _ 2r _ 1 ±pS) = H^ +1 /-pB) for any r < m/2 - 1,£ = 

±1, and B G 5 2r+ i(Z p ) x ; 
(H-p-4) ^ 1€ (e m _ 2r _ M ±p5) = H^ x{d) (pB) for any r < m/2 - 

l,f = ±l,d G U and 5 G S 2r (Z p ) x ; 
(H-p-5) H^(dB) = H^(B) for any r < m/2,f = ±l,d £ ZJ and 
B G S' 2r (Zp) x 



Let d G T v . Then for each r < m/2 — 1 we put 
g (1) (d , if « u , 2r + 1, e', = /c(do, m - 1, Z, t)" 1 
x ^i 1 ii i g(Qm-2r-2,^P^)e(6 m _ 2r - 2id ±pJj)' ^ (dct(pi?)) 

£^ Rc lo , JJln c a p (Q m _2r-2,d^P B ) 

deU BGp- 1 S2r + l,p(dod)r\S2r + l,p 

Let d EU. Then we put 

(do, d, #£-u> 2r, e', t) = /c(do, m - 1, 1, ty 1 

Be s 2 J^W, P « p ((-e m _ 2r _ M )± P s) 

for each r < m/2 — 1, and 
Q^(d ,d,H^,2r,e l ,t) 

J2 ^(Q m -2r,^^)e(9 m _ 2r , d ±p/j)^ (dct(pB)) 

B(zS2r,p(d,()d)r\S2r,p ^ m ^"'^ ^ 

for each r < m/2. Here we make the convention that 

Q<°>(db, 1, m, e<, = £ ^Sr^ ^"^"- 

Furthermore put 
Q^(do,H^,2r + l,e l ,t) 

= J- J2 H m^( Q m-2r-14^P B H®m-2r-l,dl-pB) l iu(d ^ (pB)) 

deu Be P -iS2 r+1 , p (d d)nS 2r+1 , p a p {Q m ^ 14 ±pB) 
for each r < m/2 — 1. 

Let p = 2. For £ = ±1 and j = 0, 1 let # 2 ^_ ii€ be a GL 2r ^(7. 2 )- 
invariant function on S' 2r _j(Z 2 ) x satisfying the following conditions: 

(H-2-1) H^(Q m _ 2r , d ±2B) = H^ x{d) (2B) for anyr < m/2,£ = ±l,de 
U and B G S 2r (Z 2 ) x ; 
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(H-2-2) #£l u (2e m _ 2r _ 2 , d ±4£) = H^ +u {AdB) for any r < m/2 - 

l,f =' ±l,d G U and 5 G S 2r +i(Z 2 ) x ; 
(H-2-3) ^(2±e m _2r- 2 -L2S) = H^ +U {AB) for any r < m/2 - 1, £ = 

±1, and 5 G S 2r+1 (Z 2 ) x ; 
(H-2-4) ^ 1 l lj€ (-a±2e m _ 2r _ 2 ±4S) = H^ x(a) (2B) for any r < m/2 - 

U = ±l,oe W and 5 G S 2r (Z 2 ) x , 
(H-2-5) H^\(dB) = H£\(B) for any r < m/2,£ = ±1, d G Z* and 

BGS 2r (Z 2 )\ 

Let c?o G Ti- Then for each r < m/2 — 1, we put 

QW(do, if £1 u , 2r + 1, e l , t) = «(d , m - 1, Z, t)" 1 

x <E E ^i 1 l 1 , ? (26 m _ 2r _ v ±45) 

x e(20 m _ 2r _y-L4-B)' ^ m - 2r - 2 +^(dct(4B)) 
a 2 (29 m _ 2r _ v L45) 

+ E H^_ u (2Q m _ 2r _ 2 ^B) 

-BGS'2r + l,2(<io)nS2r+l,2;o 

x e(29 m „ 2r _ 2 ±4i?) ; ^ m _ 2r _ 2+iy ( dct (4B)) 
a 2 (29 m _ 2r _ 2 ±4 J B) 

+ E H^_ u (-l±2e m _ 2r _ 4 ±AB) 

-BG52r + 2,2 (cfo)nS , 2r+2,2;o 



e(-l-L29 m _ 2r _ 4 -L4 J B) / m _ 2r _4 +iy ( dc t( 4j B)) 1 
a 2 (-l±26 m _ 2r _ 4 ±4 J B) J ' 



We note that 



g (1) (rfo, ^ix^, m - 1, e 1 , = «(d , m - 1, Z, t)" 1 

x 2^ 7i — 1 '€^ ; a 2 (4S) t 

Be5 m _i > 2(do)n5 m _i > 2 



Let d EU. Then we put 



Q« (d , d, 2r, e l , t) = n(d , m-l,l, t)' 1 

x E H^ u (-d±2Q m _ 2r _ 2 ±4B) 

B£S2r,2(dod)nS2r,2;e 

e(-d-L29 m _ 2r „ 2 -L4 J B)' m ^ 2r - 2+u{dct{AB)) 
a 2 (-d±29 m _ 2r _ 2 ±4£) 



Q (0 \d , d, H ( V 2r, e\ t) = K(d , m, I, t)' 1 
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for each r < m/2 — 1, and 

AO) 

x ^ H i ^(& m ^ 2r4 1.2B)e(& m _2r,d 1 -' 2B y t „( dct (2B)) 

B€S2r,2(dod)nS2r,2;e ^ 

for each r < m/2. Here we make the convention that 

Q^(d ,l,H^,m,e l ,t) = K^m,/,*)" 1 £ ^^B)^ ^^' 
Furthermore put 

Q(°) (d , H^, 2r + 1, e\ t) = K (d , m, Z, t)" 1 

V- ff i°€( e '"-2r-2^2E)e(e m - 2T ._ 2 ±2E)' ^ (dct(2i?)) 
Be5 £lns a 2 (6 m _ 2r _ 2 ±25) 
for r < m/2 — 1. 

Proposition 5.3.4. (1) Let p ^ 2. 

(1.1) We have 



QW(d ,H£} +lv 2r+l,e l ,t) 
v zr ti,r,ij = ? _ 2 , 

9(m-2r-2)/2(P l ) 



z/ lv(d§) = 0, and 



Q(°)(rfo ! < ) £ ,2r + l ! e,t) = 



i/i/(do) = 1. 
(1.2) Lei d G U. Then 



Q^(d 0: d,H^2r,e\t) 



(1 + p -(m-2r)/2 x(d)) g(0) ^ ^ g / > g 

20(m-2r)/2(P" 2 ) 

i/ lv(do) = 0, and 

g( )(do,d,ifi 0) 5) 2r,£,t) = 

i/i>(do) = 1- 
(2) Lei p = 2. 
(2.1) We nave 

Q (d ,H m „2r + l,e,t)- 

if lv(do) = 0, and 

Q(°\d ,H^2r + l,e,t) = 
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ifv(d Q ) > 0. 
(2.2) Let deU. Then 

Q^(d ,d,H^,2r,e l ,t) 
_ (1 + 2-^)/2 x{d))Q{ ,) w 1} H (Q)^ 2r? £ z ; t) 

20(m-2r)/2(2" 2 ) 

i/ lv(do) = 0, and 

g(°)(rf ,rf,< ) 5 ,2r,e,t) = 

i/v(d ) > 0. 
Proof. (1) We note that 

(-Q m -2r-l,d)-LpB ~ rf(-e m _2r-l)-Lp5 ~ (-©m-2r-l) -LdpB 

for d EU and I? G p -1 £^+1,0(^0^)) an d the mapping 

(d d) 3 B^dB e S 2r+ i,p( d o) 

is a bijection. Furthermore by Lemma 5.3.3 we have 

e((-0 m -2r-i,d)-Lp5) = (d,d ) p s(pB), 

and e(dpB) = e(pB). Thus the assertion (1.1) follows from (H-p-3),(H- 
p-5) and Lemma 5.1.3. Now by (H-p-2) and Lemmas 5.1.3 and 5.3.3, 
we have 

Q^(d ,d,H^,2r,e l ,t) 



(o) „ „, „ _ a+p- (m - 2r)/2 xW)((-i) {m - 2r)/2 rf,^ 



20(m-2r)/2(P 2 ) 
xQ (0) (^, 1,^^,2^^,*). 

Thus the assertion (1.2) immediately follows in case lu(do) = 0. Now 
suppose that I = 1 and v(do) = 1. Take an element a G Z* such 
that (a,p) p = —1. Then the mapping S2 r (Z p ) 3 B \-> aB G S2r(Z p ) 
induces a bijection from S2 r , P (ddo) to itself, and e(apB) = —e{pB) and 
a p (apB) = a p (pB) for £> G S2 r , P {ddo). Furthermore by (H-p-5) we have 

sep- 1 S 2 r(ci(io)nS'2r ^ v y 

= -g(°)(rforf,l,< ) Cx((i) ,2r,5',t). 

Hence Q^(d d, 1, H^}^ d y2r, e l ,t) = 0. This completes the assertion. 

(2) We prove (2.1). First suppose that / = 0, or / = 1 and d = 
1 mod 4. Fix a complete set B of representatives of {S 2r +2,2{do) D 

S2r+2,2;o)/ ~ • For B E B, let <S 2r+ i ) 2(-B) and <S 2r+ 2,2(-B) ^ e th° se defined 
in Subsection 5.1. Then, by (H-2-1) and (H-2-5) we have 

Q^(d ,H^,2r + l,t,t) 
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/7 (0) (2B) 

11 2r+2£V' 1J ) n/q I r>\ I \ + v(&et{2B)) 

BeB (m _ 2r _ 2)/2 (2-)2(- 1 )(- + 3 )a2(5) #(^^( 5 )/ ~)* 

Now we have 2" 1 S , 2 r +i,2(^o) H ^+1,2 = UB e B«S2r+i,2(-B). We note that 
for any B' G c>2r+i,2(-B), we have 1_LI?' ~ B, and hence 

#^(23) = H^(2±2B') = H^ +U (4B>). 

Hence by Lemma 5.1.5 we have 

Q^\d ,H^,2r + l,e l ,t) = 2^ r r 2r 



X 



E -^2r+l,g( 4jg ') ,i/(dct(4B')) 



^ m -2r-2)/2(2- 2 )a 2 (4^ 

-fci'62 1 O2r+l,2(,a0jn52r+l,2 

This proves the assertion for / = 0. Now let d = 1 mod 4, and put 
£0 = (2, ^0)2- Then by Lemma 5.3.3 we have 

£(0 m _ 2r _ 2 L2 J B) = (-l)"»("*+2)/8+r(r+l)/2+(r+l)^ oe ( S )_ 

Furthermore for any a 6 we have e(aB) 1 = e(B) 1 , and a 2 {aB) = 
0:2(5). Thus, by using the same argument as above we obtain 

Q^(d ,H^,2r + l,e,t) = (-1)™(™+ 2 V% 

< 2 ,(2i?)(-l)^)/^^i)/ 2+ ^i)^ o£(i?) 
X ^ ^^(2-^1)^)^(5) #(«W(*)/ -)* 

We note that e(l±5') = e(4S') for B' e S 2r +i,2- Hence, again by 
Lemma 5.1.5, we have 

Q(°>(do, 2r + 1, e\t) = {-iyW\{-iy + \ (-l)"+ 1 ) 2 2( 2r+1 > r r ar 



x 



H^jAB'WB) Bl]) 
B'^s ( d )ns h m -2r-2),2^)a 2 {AB') 

B'GZ 1 O2r + l,2(a0)ri52r + l,2 



This proves the assertion for / = 1 and d = 1 mod 4. 

Next suppose that I = 1 and 4- 1 d = — 1 mod 4, or / = 1 and 
8 _1 do G Z2. Then there exists an element 06 Zj such that (0,^0)2 = 
—1. Then the map 25 h-> 2a£? induces a bijection of 2S' 2r+2 (Z 2 , d ) o 
to itself. Furthermore H^} +u (2aB) = H^ +u (2B),e(2aB) = -e(2B), 
and a 2 (2ai?) = a 2 (25). Thus the assertion can be proved by using the 
same argument as in the proof of (1.2). The assertion (2.2) can be 
proved by (H-2-1) and Lemmas 5.1.4 and 5.3.3 similarly to (1.2). □ 

Proposition 5.3.5. (1) Let p ^ 2. 

(1.1) We have 

<P(m-2r-2)/2{P ) 
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(1.2) Let deU. Then 

Q (d„, i, H m _ u , 2r, e , t) - ^——^ 

if lu(do) = 0, and 

QU(d ,d,H%\ v 2r,e l ,t) = 

otherwise. 
(2) Let p = 2. 

(2.1) We have 

0( m -2r-2)/2(2 Z ) 

(2.2) Let deU. Then 

M^^-U^.')- 20 (m _ 2r _ 2)/2 (2-*) 

if lis (do) = 0, and we have 

QW(d ,d,H^,2r,e l ,t) = 

otherwise. 

Proof. (1.1) We may suppose that r < (m — 2)/2. We note the mapping 
S , 2r-+i(Z p ) 3 B ^ dB G /S , 2r+i(Z p ) induces a bijection of S , 2 r +i(Z p )((iod) 
to S , 2r +i(Zp)((io). We also note that e(dB) = e(B), and a p (dB) = 
a p (B). Hence, by (H-p-2), Lemmas 5.1.3 and 5.3.3, similarly to (1.2) 
of Proposition 5.3.4, we have 

Q«(d , H^\, 2r + 1, e\ t) = pW 2 -W*>\(-l) m '* do, (-l) lm/2 ) P 

y H^(pB)e(pBY ^ (pB)) 

x ^(i +p-(™- 2 '- 2 )/ 2 X (rf))((-i)( m - 2 - 2 )/ 2 rf, {-ir i dod%. 

deu 

Thus the assertion clearly holds if lv(d ) = 0. Suppose that / = 1 and 
v(do) = 1. Then 

((-i) {m - 2r ' 2)/2 d,(-iy +1 dod) p 

= X (d)((-ir\ (-iy +i dod) p ((-ir/\ (-ir/ 2 d ) P , 

and therefore 

£(1 +p-( m - 2 ^/ 2 x(rf))((-l) (m ^ 2)/2 rf, (-l) r+1 do) P 
dew 

= 2p-(— 2-2)/2 (( _ ir+ l ; (_l)r+l dod ) p ((_ 1 )m/2 > (-l)™^. 

This completes the assertion. 
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(1.2) By (H-p-4) and by Lemmas 5.1.3 and 5.3.3, we have 
Q^(do,d,H^_ u ,2r,e l ,t) 

- ^^flf A ((-D^'W 

20 (m „2r-2)/2(P" 2 ) P 

Thus the assertion (1.2) immediately follows if lv(do) = 0. The asser- 
tion for I = 1 and v(do) = 1 can also be proved by using the same 
argument as the latter half of (1.2) of Proposition 5.3.4. 
(2.1) We may suppose that r < (m — 2)/2. Put 

QM (d , if « u , 2r + 1, e\ t) = «(d , m-l,l, ty 1 

^i 1 li,g(2e m - 2r - 2 , (i ±4/j)^(29 m _ 2r _ 2 ,,±4/j) 
,fl n o a 2 (2e m _ 2r ._ 2)d ±4S) 

d<=U BeS2r+l,2{ d 0d)r\S 2 r+l,2;e 



xt 



m-2r-2+i/(dct(4B)) 



(d , if£l u , 2r + 1, e', t) = /c(d , m - 1, 1, ty 1 
X b pS ^1n9 a 2 (20 m _ 2j ._ 2 ±4£) 

-fc>€i>2r + l,2 (.ao jni>2r + l,2;o 

x ^m-2r-2+i/(dct(4B)) 

and 

Q (13) (d , H^_ u , 2r + I, e l , t) = n(d , m-l,l, t)~ l 
x H^ u (-lA_2& m _ 2r _ 4 ±4B) 

-BG52r + 2,2 (do)nS2r + 2,2;o 

g'( — l-L29 m _ 2r _4±4/j) ^ m _ 2r _ 4+iy ( dct (4B)) 

a 2 (-l±26 m „ 2r „ 4 ^4 J B) 

Then 

Q« (4, 2r + 1, e l , t) = Q (11) (d , 2r + 1, e l , t) 

+ (do, H^, 2r + I, e\ t) + (d , H™^ 2r + l,e l ,t). 

We have 

E(2& m _ 2r _ 2 , d ±4B) = (-l)-(- 2)/8(_l)r(r+l)/2 (( _ 1) m/2 > (-l)™^ 

x ((-l) r+1 , (-ir+M d) 2 K d) 2 e(4S) 
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for d £lA and B G S^+i^Z^ cZg?o) • Thus, similarly to (1.1), we obtain 
Q (11) (do,ff£^,2^ 

2(m/2-l)lu(d ) >sp 2 r ( 2r+1 ^jj"^ 1 ^(4-B)£(4i?)' 1/ (det(4B)) 

-OGA2r+l,2(ao)ni>2r + l,2;e 

deu 

It follows from Lemma 5.3.2, (c.2) that (? (12) (d , H^-i^ 2r + M',*) 
can also be expressed as 

(d , 2r + 1, e', i) = K (d , m-l,l, t)" 1 

1 ^ ^ i/i 1 l lie (20 m _ 2r „ 2 , (i ±4 J B)£ Z (20 m _ 2r _ 2 ,,±4 J B) 



2 Y1 Yl a 2 (2e m _ 2r _ 2d ±AB) 

deU B6S2r+l,2(d0d)nS 2 r+l,2 ;o V ' 7 

x ^m-2r-2+^(dct(4_B)). 

Hence, in the same manner as above, we obtain 
g (12) K,^l u ,2r + l,e l ,t) = (-l) r+1 d ) 2 

2 (m/2-l)ii/(d ) 2 r(2r+1) g^ 1 ^(4E)£(4 J S) ; ,,^(43)) 

Bes tl n5 2 • 2 m - 2 - 2 0( m - 2 ,- 2 )/ 2 (2- 2 )a 2 (4i?) 

i>ei2r+l,2(.aoJnA2r+l,2;o 

x ^(d,d ) 2 - 

dew 

Furthermore we have 

£(-l±2e m _ 2r _4±45) = (_l)'"("*- 2 )/ 8 (-l)'-(r+l)/2((_ 1 )m/2 ) (^m^^ 

x((-ir +1 ,(-l) r+1 rf ) 2 (2,rf ) 2 e(2fi) 
for d G W and G 5' 2r+2 (Z 2 , dd ) D S , 2r+2j2;0 . Hence 

g (13) (^o,^ u ,2r + i, e ',o = (-^(^-^((-i)^, (-iy +1 d y 2 

v(9 rl V 9(m/2-l)Zi/(do) H 2r+2,^ 2B ) £ ( AB ) 1 ■ l ,(det(4B)) 

x^doJa ^ 2^ (m -2 r -4)/2(2- 2 )a2(2i?) 

BeS2r + 2,2(rf0)n52r + 2,2;o ^ ^ 4)/ ^ ' A ' 



(((_l)»'+ 1 2 ) rf ) 2 (-l)( r + 1 )( r + 2 )/ 2 ) i 2 (m/2 ~ 1)Mdo) 

-2r-4)/2(2- 2 )a 2 (2 J B)' 



_.y(det(2B)) 



-BG<S2r+2,2(do) n S , 2r + 2,2;o 

r(0) 



= ^ (0) K,^W,2r + l,^,t) 2(m/2 _ 1)W)V 

0(m-2r~4)/2(2 -2 ) 

First suppose that / = or ^(cfo) is even. Then (d, ofo) 2 = 1. Hence 
Q^\d , H^\ v 2r + 1, e', f) + Q( 12 ) (d , <£ li€ , 2r + l,e l , t) 
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QM(4^,2r + M',t) 

" 2 (m-2r-2)(l-,(*)/2)^ (m _ 2r _ 2)/2 (2-2) " 

Furthermore by (2.1) of Proposition 5.3.4, we have 

+ U« - 

if d = 1 mod 4, and 

Q< 13 >(do,#£?. u ,2r + M',t) = 

if 4 _1 o?o = — 1 mod 4. Thus summing up these two quantities, we prove 
the assertion. Next suppose that I = 1 and v(d ) = 3. Then, by using 
the same argument as above we obtain 

Q (i:i \d ,H^,2r + l,e l ,t) = 0. 

We also note that (d,d ) 2 = x(d)- Hence 

Q^ 2 \d ,H^_ u ,2r + l,e,t) = 0, 

and therefore 

Q( 11 \d ,HV 1 £,2r + l,e,t) = (-l) r < r+ ^ 

2 . 2 — 2r-20 (m _ 2r _ 2)/2 (2-2)a 2 (4S) 



x2 3(m/2-l) V- ^2r+U^H^ , 



Se52T-+l,2(do)nS2r+l,2;i 

deu 

= (_l)'-(r+l)/2 r 2r 2 r(2r+l)^_ 1 )r+l^_ 1 )r+l do ) 2 2 3r 

ses^, Ad J^r - 2)/2 (2-)a 2 (45) 

This proves the assertion. 

(2.2) The assertion can be proved in the same manner as in (1.2). □ 

Now, for later purpose, we give some more lemmas. 

Lemma 5.3.6. Let p ^ 2. Let m be an even integer, and r an integer 
such that < r < m. Let d ElA and £o = ±1- 

(1) Suppose that r is even. 

(1.1) Let B' e S r (Z p ) x . Then 

G^(Q m . r , d ±pB',Co,X,t) = GW(pB',S x(d),X,t). 

(1.2) Let B' e ,S r _i(Z p ) x . Then 

GW{e m -r, d ±pB',S ,X,t) = G^ipdB',Co,X,t). 

(2) Suppose that r is odd. 
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(2.1) Let B' G S r (Z p ) x . Then 

Gf\Q m ^ d ±pB',Z ,X,t) = GW(-pdB',So,X,t). 

(2.2) Let B' G S r _i(Z p ) x . Then 

G£\Q m „ r , d ± P B',Z ,X,t) = G^(pB',^x(d),X,t). 



G$\d!B,Z ,X,t) = GW(B,Z ,X,t) 
ford' G Z* andB G S r (Z p ) x . 



Proof. Let m-r be even. Then by Lemma 9 of |Kit84j . we have 



for B' G S' r (Zp) x . Thus the assertion (1.1) follows from (1.1) of Lemma 
5.1.2. Furthermore we have 



F^{e m _ r>d ±pB',^,X) = F p {l±Q m „ r4 ±pB',Z ,X) 

= F p (d±e m „ r ±pB',Z ,X) = F p (l±Q mr _ r ±pdB , ,£ Q ,X) 
= F p (l±pdB',£ ,X) = FW(pdB',Z ,X) 
for B' G S' r _i(Zp) x . Thus the assertion (1.2) follows from (1.2) of 



Lemma 5.1.2. The other assertions can be proved in a similar way. □ 

Lemma 5.3.7. Let p = 2. Let m and r be even integers such that 
< r < m, and £o = ±1- 



(1) LetdeU. 

(1.1) Let B' G S r (Z 2 ) x . Then 

Gf{Q m ^ d L2B',^X,t) = Gf\2B'^ oX (d),X,t), 

(1.2) Let B' G S r _i(Z 2 ) x . Then 

G^(2Q m ^ d 1.4B / ^ ,X,t) = G$\4dB',Z ,X,t). 



(2.1) LetaeU and B' G S r (Z 2 ) x . Then 

G 2 1) (-a±2e m ^ 2 ±4B',£ ,X,t) = <5f (2B', £ oX (a), X, t). 

(2.2) Let B' G S r _i(Z 2 ) x and a G Z*. T/ien 

(e m _ r ±2a±2B', £ ,X,t) = G^(4aB',^,X,t). 

(3) We have 



(3) Suppose that r is even. Then we have 




F^(e m . r4 ±pB'^ ,X) = F(°\pB',CoX(d),X) 



(2) 



for d! 



G 2 °\d'B,^ ,X,t) = G 2 
G Z*, andB G S r (Z 2 ) x . 
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Proof. The assertion can be proved in a way similar to Lemma 5.3.6. 

□ 



Let R n -i(do, uj, X, Y, t) be the formal power series defined at the 
beginning of Section 5. We express R n -i(do, ou, X, Y, t) in terms of 
Q^J {n; dod,u,x{d), X,Y,t) and Q^J+i{ n ', do, u, 1, X, Y, t). Henceforth, 
for do G J- p and non-negative integers m, r such that r < m, put 
U(m,r,do) = D {do}, or U according as r = 0,r = m, or 

1 < r < m — 1. 

Theorem 5.3.8. Let d G J^, and £ — x(do)- For d & U(n — l,n — 

2r — 1, do) 

D 2r (d ,d,Y,t) 

(1 - £ P~ n_1/ W) if r = 0, 

(1 - £oP~ 1/2 y)(l + p r_1/2 x(d)F)(l - p- n - 1/2+r x(^)^ 2 ) if r > 0. 

(1) Let u> — i, or v{do) = 0. Then 

R n -i(do,u,X, Y,t) 

(ra-2)/2 prr-l/-, 9i-l V 2\ rr(ra-2r-2)/2 



.... ( j . , ■ ; .. ■ y \ / ■ > \ i / "" 

r=0 



20( n -2r— 2)/2(p 



deU(n-l,n-2r-l,do) 

^ 0(n-2r-2)/ 2 (p- 2 ) 

x (1 - £op- l/2 Y)QS +1 (n; d , co,l,X, Y, t). 
(2) Let v(do) > 0. Then 

Rn-\{do, £, X, Y, t) 

= (n ^ /2 ni = i(i -p 2i ~ 1 ^ 2 )nfc 2r " 2)/2 (i - P - 2M YH 4 ) 

0(n-2r-2)/ 2 (p- 2 ) 

x (1 - eop- 1/2 ^)® + i(n; d , e, 1, X, Y, t). 

Proof. Let p ^ 2. Let I? be a symmetric matrix of degree 2r or 2r + 
1 with entries in Z p . Then we note that 0„_2r-2,d-Lp£> belongs to 
£ n -i, P (do) if and only if B G S 2r +i, P (p~ } l d d)nS 2r+1>p , and that Q n - 2r -i,d-LpB 
belongs to £ n _i iP (do) if and only if B G S 2rtP (dod) D S 2r - tP . Thus by the 
theory of Jordan decompositions, for oj = e l we have 

£ n _i(d , uj, X, Y, t) = K(d , n-l,l, tY- 1 ' 2 )- 1 
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(n v^ /2 V V Gj\Q n ^ 2 ^ P B', p -^^Y) 

2-^2-^ ^ aJQ n - 2r -2d-LpB') 

r=0 d&t(n-l,n-2r-2,d ) B'£ p - 1 S 2 r+i,p( d od)nS 2r +i ! p PV ' ' 

x S « (e n _ 2r _ v ±p5', p-"/ 2 -^* 2 )^ 1 ) (e„_ 2r _ 2 , d ±pE', 1, X, p~ n t 2 Y ) 

x W (e ri „ 2r _ 2 , d ±p J B / )(^- 1/2 ) Kdct(pB ' )) 

r=0 deU(n-l,n-2r-l,d ) B'eS2r,p(dod)nS2r, P P " ' 

x s w (e„_ 2r _ M ±pfi', p-"/ 2 - 1 ^ 2 )^ 1 ) (e„_ 2r _ M ±p5', i, x, p~"t 2 r ) 
x w (e„„ 2r _ 1 , d ±p J B')(^- 1/2 ) Kdct(pB ' )) } • 

By Lemmas 5.2.1 and 5.2.3 we have 

(e n _ 2r _ 2id ±ps', p-(« +1 )/ 2 r )5« (e n _ 2r _ 2id ±ps', p-"/ 2 - 1 ^ 2 ) 

r (n-2r-2)/2 

= ri( i - ^ xy2 ) n (! - p- 2M Y 2 t*)(i - &p- i/2 n 
i=i i=i 

and 

(e n -2r-i,d±pB', p-W 2 Y)BW (e n _ 2r _ M ±p£', p-^Yt 2 ) 

r-l (n-2r-2)/2 

= ri( i - p 2 " iy2 ) n ( x - w^*, d, y, t). 

i=l i=l 

Put = ^(B.U.p-Vy) for 5 G 5 2i _!(Z p ) x , and^(S) = 

Gj 0) (5,e,I,p^ 2 y) for B E S 2i (Z p ) x and £ = ±1. Then and 

i?2i^ satisfy the conditions (H-p-1) ~ (H-p-5) by Lemma 5.3.6. Thus 
the assertion (1) in case p ^ 2 follows from Propositions 5.3.4 and 5.3.5. 

Next let p = 2. Let B be a symmetric matrix of degree 2r or 
2r + 1 with entries in Z 2 , and d E U. We note that 20 ri _ 2r _ 2if j_L4B 
belongs to £ n _i i2 (d ) if and only if B e S^r+i^^o^) H 5 2r+ i )2 , and that 
— d_L26 n _ 2r _ 2 _L4.B belongs to £ n _i i2 (d ) if and only if 5 e 5 , 2r+2i2 (rf rf)n 
5 < 2r+2,2- Then by Lemma 5.3.2, we have 

Rn-^do, u, X, Y, t) = «(d , n - 1, 1, tY' 1 ' 2 )- 1 

'(n-2)/2 / 

E E E G( 1 )(20 n _ 2r _ 2 , (i i_45',2-^ 1 )/ 2 F) 

r=0 \de«(ra-l,n-2r-2,do) B'eS 2 r+i,2(eM)nS2r+i,2 ;e 
vRMfOfi I Itf ^-n/2-lw2A ( ^2 1) ( 2 Q»-2r-2, fl !-L4 J B / , l,X,2-"t 2 F) 

x B p (2CW 2 , d ±45 , p Ft ) M20n _ 2r _ v l_4I?O 

xw(20 n _ 2 ^ 2i(i i_4 J B')(^ _1/2 ) Kdct(4i? ' ))+n ~ 2r " 2 
+ E G«(20 n „ 2r _ 2 i_4 J B / ,2-( n+1 )/ 2 F) 

B' €S2r+l,2(do)(~lS2 r +l,2;o 
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a;2^ZC' T j_2r-_2-L4iJ ) 

xa;(20 n _ 2r _ 2 ±4 J B')(tr- 1/2 ) !y(dct(4B ' ))+n - 2r - 2 
+ E G^(-l±2e n ^ r ^±AB',2' (n+1 ^ 2 Y) 

-B'G52r + 2,2(^o)n52r + 2,2;o 

x5 p (-li_20„_ 2r _ 4 i_4B ,p Yt ) a2 (_i ±2 e„_ 2r _ 4 ±4i?0 

x w(-l±20„_ 2r _ 4 ±4 J B')(tF- 1/2 )" (dct(4i? ' ))+n - 2r - 4 ) 

(n-2)/2 

+ E E E G^\-d±_2Q lM LAB\2-^/*Y) 

r=0 deU(n-l,n-2r-l,d ) B'eS 2r ,2 (d ( )d)nS 2 r,2:e 

x w (-rf±2e n _ 2r _ 2 ±4 J B / )(tr" 1/2 ) iy(dct(4B ' ))+n ' 2r - 2 } . 

Thus the assertion (1) in case p = 2 can be proved in the same way as 
above. Similarly the assertion (2) can be proved. □ 

Now to rewrite the above theorem, first we express -P^-i ( n i <^o? w > V-> X, Y, t) 
in terms of Q^ + i( n ', do, w, r], X, Y, t) and Q^(n; d d, oj, 77, X, Y, t). 

Proposition 5.3.9. Let m be an even integer. Let d e J- p , and rj = 
±1. 

(1) (1.1) Let 1 = or v(d ) = 0. Then 

(m-2)/2 (i) . l . 

P« (n-d r l n X Yt)- V ^r+lfa dp, e , V , X,Y,t) 
P m _M,do,e^X^t)- ^ (m _ 2 _ 2r)/2(p - 2 ) 

{ "L^ /2 d d, e\ rjx(d),X, Y, t) 

h d eU im -&-l-2r, d0 ) 20 (m _ 2 _ 2r)/2 (p-2) 

(1.2) Let v(do) > 1. T/ien 

Q£ ) (n;d o d,e,77x(d),^,^*) = 

for any d and 

p m _ 1 (n > d , e ,^x,y,t)- E (m _ 2 _ 2r)/2 ( P - 2 ) • 

(2) (2.1) Let I = or i/(d„) = 0. T/ien 

Pi°)(n;rfo,^^,X,F,t) 
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= E E 1 +/ ( " m+2r)/2 ^ gW( W ; d d, e\ r, X (d),X, Y, t) 

(m-2)/2 

+ E ^ r^r^r+i^; *7,*,y,t). 

^ 0(m-2r)/2(P 2 ) 

(2.2) Lei i/(do) > 0. Then 

?£\n; do,e,r,,X,Y,t) = 0. 

Proof. The assertion can be proved in a way similar to Theorem 5.3.8. 

□ 

Corollary. Let r be a non-negative integer. Let d be an element of 
T v and £ = ±1. 

(1) Let 1 = or u{d ) = 0. Then 

Q£\n;do,e l ,£,X,Y,t) 

= E E ^^^^^ir^ 2 ^^^^ <W. e*. X, Y, t) 

m=0deU(2r,2m,d o ) <? " 1 ^ ' 

and 

Q« +1 (n;d ,£ Z ,£,X,Y,t) 

r ^ -^jmp—m—m 2 

+ E E i /_ 2) ffj"; e 1 , £x(d), x, y, *)). 

m=0 d6W(2r+l,2m+l,do) 'wlF J 

(2) Let v(d ) > 0. We have 

Q2r+l( n 'i do,£,£, X, Y, t) = E 7, -^2r+l-2m( n ; ^0, £, £, X, Y, t), 



m=0 



and 



Q ( ^(n; do,e,£,X,Y,t) = 0. 



Proof. We prove the assertion (1) by induction on r. Clearly the asser- 
tion holds for r = 0. Let r > 1 and suppose that the assertion holds 
for any r' < r. Then by Proposition 5.3.9 we have 

~ r l 

— Ar+l( n ! ^0) £ \ £j XT, ^ — E A ( -2\ Q"2r+l-2i( n '-> ^Oj^j £, -X, Y, t) 
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- E E 2^^r g ^- 2i(ri; ^ £ '' x ' F) t} - 

i=0 deW(2r+l,2i+l;do) ^ ' 

Then by the induction hypothesis and a direct calculation, we get the 
desired result for Q^ + i{n]dQ,e l ,^,X,Y,t). We also get the result for 

Q$(n; d , e l , £, X, Y, t), and this completes the induction. Similarly the 
assertion (2) can be proved. 

□ 

Theorem 5.3.10. Let the notation be as in Theorem 5.3.8. 

(1) Suppose that v(d ) = or uj = i. Put £ = x(do)- Then 

R n ^(d ,oo,X,Y,t) = (l-p~ n t 2 ) 

(n-2)/2 (n-2-20/2 

x{ E E P£\n;d d,u, X (d),X,Y,t) J] (l-p^ n - 2 H 4 )T 2l (d , d,Y) 

1=0 deU(n-l,n-l-2l,do) »=1 
(n-2)/2 (ra-2-2Z)/2 

+ E P£li(n;do,u,,l,X,Y,t) JJ (l^^^^wK^.t)}, 

Z=0 i=2 

where T 2r (d ,d,Y) is a polynomial in Y, and T 2r +i(d ,Y,t) is a poly- 
nomial in Y and t and of degree at most 2 with respect to t, and in 
particular 

(n-4)/2 

T n _ 2 (d ,d,Y) = ^(l-p-^eo^^^-^^^/^xC^Cl+xCrf)^-^ 72 - 172 ) II (l-^- 1 ^ 2 ), 

i=i 

and 

(n-2)/2 

T n . 1 (d ,Y,t) = (l-p- 1 /^ Y) J] (l-p^F 2 ). 

i=i 

(2) Suppose that u(d ) > and uj = e. Then 

(n-2)/2 

^ n _i(d ,a;,x,y,*)= E ^ 2 ( i+i(«;rfo,w,i,x,y,t) 

1=0 

£p2i+ly2^(n-2J-2)/2 ^ _ ^2i-ly2^ j-j(n-2-2/)/2^ _ p-2Z-n-2i-2 £ 4^ 

0(n-2-2O/2(P" 2 ) 

Proof. (1) By Theorem 5.3.8 and Corollary to Proposition 5.3.9, we 
have 

i?„_i(d ,w;X,y,t) 

_ (n ^ /2 nr=i(i -p 2 *- i y 2 ) n£7 2r ~ 2)/2 (i -p- 2 ^"-^^ 4 ) 

^ 20 (n ^ 2r _ 2)/2 (p- 2 ) 

(-l) m ( X (d 2 )+p~ m )p- m2 



x E £>2r(do,<*i,y,t){E E 



26 m (p- 2 ) 

dieW(n-l,Ti-2r-l,do) m=0 d 2 £U(2r,2m,d d 1 ) / 
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5(0) 



xP 2r-2m( n ', ^0^2, V, x(^l)x(^) , X, Y\ t) 



r-1 



m+l„-m-m' 



/ 1 \ in— 1 p .. . 

+ E 2 ( -2\ P 2r-2m-l(^; fadl, W , x(di) , X ,Y ] t))} 



m=0 



'm(P 



+ (n ^ /2 m = i(i-p 2 ^ 2 ) rfc 2r ~ 2)/2 (i - p- 2i - n -^ 2 i 4 ) 



r=0 



r 



20 (n _ 2r _ 2 )/2(P 2 ) 

(~l)>">~ m2 5( i) 



x (1 - Zop- 1/2 Y){J2 ' [(J, P&i-tonte do, u, 1, X, Y, t) 

+ E E ^ /_ 2) ^ 2m (n; do*, x, y, 0}. 

m=0<2 2 eW(2r-+l,2m+Mo) V^IP J 

We note that for any ^ G W we have 

Arll-2m(™; ^1, W, X(^l), X , Y, t) = ££1-1-2™ (™5 d 0, W, 1, -X", ^ *)■ 

Hence 

(A) ^(do.wJ.^f) 

(n-2)/2 

= E E P^;<Ww,x(d),^W) 

«=0 d6W(n-l,Ti-l-2J,do) 

(ra-2-2J)/2 

x < E (2 E ^ +2m K,rfi,^t)(x(rfi)xw+p- m )(-i)>" 

m=0 dieU(n-l-2l,2m,d Q d) 

-u 2l+2m (Y)(l - 6p- 1/2 r)(-l)>-" 2 )) 

j-j-J+m-l^j _ ^2i-ly2^ j-j(n-2J-2m-2)/2^ _ ^-2i-n-ly2^ 

20 m (p- 2 )0 (n _ 2 -2O/2- m (p- 2 ) ^ 
(n-2)/2 

+ E ^£ii(n;do,w,i,x,y,t) 

(n-2-20/2 

x{ E ((i-e p- 1/2 n(-i)>"" 2 ) 

m=0 

j-j-i+m^ _ ^2i-ly2^ j-j(n-2J-2m-2)/2^ _ ^_2j- n -ly 2^ 

X 



0m(P 2 )0(n-2-2/)/2-m(P 2 ) 
(n-4-2J)/2 

E ^E^+ 2 ™+ 2 ^' rf ' F ' t )(- 1 )>" 



2 

m=0 deW 



j-j-i+m^ _ ^2i-ly2^ j-j(n-2J-2m-4)/2 ^ _ ^-2j-n-ly2^4^ 

0m(P" 2 )0(n-4-2O/2-m(P~ 2 ) ^' 

where M2«+2m(^) = 1 or 1 — p 2i +2m-iy 2 according as Z + m = or not. 
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Now recall that U(n — 1, n — 1, d ) is {d } or the empty set according 
as ^(rf ) = or not. Hence for d e U(n — 1, n — 1, d ) we have 

\ E D 2m (d ,d u Y,t)(x(d 1 ) X (d)+p- m ) 

d\ &A(n— l,2m,dod) 

_(1 -^-^^(l _ £ op -V2y) p -m 

= eo^ 1/2 ^(l - P" n i 2 ) or f (l - P _1 ^ 2 )(l - p- n t 2 )p m ~ 1/2 Y 
according as m = or 1 < m < (n — 2)/2. Furthermore we have 

^ E £>2i + 2m(do,di,y,0(x(di)x(d) +P~ m ) 

d 1 eU(n-l-2l,2m,d d) 

_(1 _ p 2J+2m-l y 2 )(1 _ £ op -l/ 2y)p - m 

= X (d)(i -p-^yxi -p- n t 2 y +m - 1/2 y(i + X (rf)^- 1/2 ) 

for any 1 < I < (n-2)/2,0 < m < (n-2Z-2)/2 and d G W(n-l,n- 
1 — 2/, d ). We also have 

(1 _ £ op -l/2 y)p -m (l _ p -2n+2/+ 2m +l y 2 t 4 ) 
E ^ + 2 m+2 (d0,rfl,F,tK m (l -p- +M+2 ) 

— (i _ p- 1 / 2 £ Y)p~ n+m+2l+2 (l - p- n + m + 2l + 2 Y 2 t 4 ) 

+ (1 -p-V2^ y )( 1 _ p -n + 2m+2 i+ 2 )p 2/+m-n + l y 2 t 2 (1 _ p -n^ 

for any < I < (n - 2)/2 and < m < (n - 21 - 2)/2. Hence 
R n . x (d , u>, X, Y, t) = ioP~ 1/2 Y{l - p~ n t 2 ) 

( n ~ 2 )/ 2 Tt" 1 - 1 ^ r 2i~l V 2\T-[(n-2m-2)/2 ( , 2 i-n-l v2+4\ 

^ 0m(p- 2 )0(n-2)/2-m(p~ 2 ) 
(n-2)/2 

+ E E ^ 0) (n;dod,w,x(d),X,y,t) 

«=1 d6W(n-l,n-l-2J,do) 

x(l -e p- 1/2 y)(i -p-Vy- 1 / 2 x (d)y(i + x (d)y p '-V2 ) 

(n-2-20/2 2i _i v2m („-2«-2m-2)/2 n -2i-n-l V 2f4\ 

h " ~ 20 m (p-2)0 (n _ 2 _ 2O/2 _ m (p-2) 

(n-2)/2 

+ E £Si(Mo,w,i,x,y,t) 
x{(i-6P" 1/2 ^- n+2+2 ' 

x (B "y )/2 ( irp m-m> nag - ^- ly2 ) nfc 2 ^ 2m ' 2)/2 (i - P - 2 — i y 2 t 4 ) 

^ 0m(p- 2 )0(n-2-2O/2- m (p- 2 ) 

+y 2 tV'-" +1 (i - £ p~ 1/2 y)(i - ^ n t 2 ) 
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(n-4-20/2 -n^f-l n 2i-l V 2\T-f(n-2l-2m~4)/2 n n -2i-n-l V 2 + A\ 
x / m-m 2 1 L=l I 1 ~ P 1 )_L Li=l I 1 ~ P __L\ 

^ <P m (p- 2 )<P(n-A-2l)/2-m(p- 2 ) 

Then the assertion (1) follows from Corollary to Lemma 5.1.6. 

(2) By (1.2) and (2.2) of Theorem 5.3.8 and (2) of Corollary to 
Proposition 5.3.9, we have 

(n-2)/2 

R n . 1 (d ,u,X,Y,t) = P£li(n;d ,u,l,X,Y,t) 

1=0 
(n-2-20/2 

x ((-i) m p m_m2 ) 

m=0 



X 



j-j-/+m^ _ ^2j-ly2^ j-j(n-2J-2m-2)/2^ _ ^_2i-n-ly 2^ 



0m(P 2 )0(n-2-2O/2-m(P 2 ) 

Thus the assertion follows from Corollary to Lemma 5.1.6. 
By Proposition 5.3.1 we immediately obtain: 



□ 



Corollary. Let the notation be as in Theorem 5.3.10. 

(1) Suppose that u(d ) = or uj = t. Put £ = x(do)- Then 

n/2-l 

R n ^(d ,oo,X,Y,t) = (l-p- n t 2 ) JJ (1 -p- 2 "+ 2 ¥) 

i=i 

i (n-2)/2 

x[](i-^- 2i - 3+ ¥){ £ ^ p<J» (rf rf,c, x (rf),x,tr- 1 / 2 )T2,w 

i=l Z=0 deW(fi-l,n-l-2J,do) 

(n-2)/2 

+ E <i(4w,U,tr 1 / 2 )T 21+1 ( ( io,y ) i)}. 

2=0 

(2) Suppose that v(d ) > and uj = e. Then 

n/2 

R n ^(d ,uj,X,Y,t) = (1 - to P - 1/2 Y)l[(l -p-^-V) 

i=i 

(n-2)/2 

x E 4+iKw,i,x,y,t) 

2=0 



X 



Q ? 2J+ly2^(n-2J-2)/2 J~j( ^ _ ^2i-ly2^ J-ji ^ _ p-2«-n+2i-3^4^ 

0(n-2-2Z)/2(P" 2 ) 
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5.4. Explicit formulas of formal power series of Koecher-Maass 
type. 

Let m be an even positive integer. In this section we give an explicit 
formula for P^l^do, u, f , X, t) for u = e l . We write P^l^o, u, X, t) = 
Pm-j{do,u), l,X,t) as stated before. 

Theorem 5.4.1. Let m be even, and do G T v . Put £ = x{do)- Then 
we have the following: 

(1) 

(p-l^Wdo) 

P m ° (d , L, X, t) = ^ m/2 _ l(p -2 )(1 _p- m /2 eo ) 
(1 + tV m / 2 - 3 / 2 )(l + t 2 p-W2-5/2^2) _ £ Qt 2 p -m/2-2( X + + p l/2-m/2 + p -l/2+m/2) 

(1 - p- 2 Xt 2 )(l - p- 2 X-H 2 ) ntf _1 (l " tV 2i - 1 X)(l - tV^-iX- 1 ) 

(2) 

P£\d ,£,X,t) ' 



m / 2 -i(p- 2 )(i-p- m / 2 6) 

£ 2 



n^ / i(i-* 2 p~ 2i -x')(i -fp-^x- 1 ) 

Theorem 5.4.2. Lei m 6e even, and rf G .Ty Pirf £o = x{do)- Then 
we have the following: 

(1) 

p(D v- j.\ (p -lt)^)(l-e tV 5 / 2 ) 



m -2) /2 (p- 2 )(i - *V 2 x)(i - t 2 P - 2 x-i; 



i 

X- 



nS=r 2)/2 (i - tv 2i - i x)(i - pp-x-^-x- 1 ) ' 

(2) 

(p- 1 t)"W(i-^V 1/2-m ) 



P«(d ,£,X,*) 



0(m-2)/2(p 2 y 

1 



X- 



n!=r 2)/2 (i - tv 2i x)(i - tv^x- 1 ) ' 

Theorem 5.4.1 follows from [ |IK06j . Theorem 3.1], and Theorem 5.4.2 
can be proved in the same way as in Theorem 5.4.1, but for the conve- 
nience of readers we give a proof to them. Let m be an even positive 
integer. For I = 0, 1 and j = 0, 1 put 



X^.(rf ,^,X,t) 



ap(B') 
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We note that K^_Ado,s\X,t) can also be expressed as 



K^d^e^X.t) 



Proposition 5.4.3. Le£ m and d fre as above. Then, for j = 0, 1, we 

have 



i=i 



Proof. We note that S' belongs to £^_j. p (c?o) if -B belongs to £^_j iP ((io) 
and a p (B', B) ^ 0. Hence by Lemma 5.2.2 for u = e l with / = 0, 1 we 
have 

P^(do, w, X, t) = K {d , m - j, I, ty 1 

1 G i j\B',p- ( - m+i y 2 X)X- (U) ^a p (B', B)u(B') 

x (p -1 X)^ det B )-^( dot s'))/ 2 ^ I/ ( det B ) 

E 



B'G£^_ JiP (do) 



X 



a p{B\ B) (p-l-gj (v(det B)-u(det B')) /2^(det B) 



Hence by [[BS87J, Theorem 5], and by (1) of Lemma 5.1.1, we have 

y-> a p (B', B) ^p-l^{u{dct B)-i/(det B'))/2^(det B) 

W£M m (Z p )x /GL 
m-j 

= J](i-t 2 x^- m+J '- 2 )-V( dets '). 

i=l 

Thus the assertion holds. □ 

Proof of Theorem 5.4.1. Let b*(T,s) be the primitive local Siegel 
series defined in Section 2, and 



D(t,a,d ,u) = ^2 



b;{B'/2^)uj{B') ^ )(Bl) 
( 

B'es m , p (d ) e 



a p {B>) 
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for oj = e l . Then we remark that 

for G S mt p(do) e . Hence 

= K(d , m, I, t)-H^- —DQtjr, a+(m+l)/2, do, «) 

for any complex number a. The both-hand sides of the above are poly- 
nomials in p~° . Now, for a p-adic number d define a formal power series 
D(t, a, d, u) by 

D(t,M,") = L ^ t 

i=0 BeV, P;E pv ' 

dct B=p i d 

as in |IK06j . Let do £ ^> and I = v(do). Then 

t l D{t, a, d , w) = \{D{t, a,p-\-l) m / 2 d , co) + (-l) l D(-t, a,p~\-l) m / 2 d , u)). 

Thus the assertion follows from Theorem 3.1 in |IK06J and Proposi- 
tion 5.4.3. □ 

Remark. We should remark that there is a misprint in [IK06J; the 
right hand side on page 186, line 3 of it should be 

(p-2)n/2-l • 

In order to prove Theorems 5.4.2, we introduce some notation. Let 
r be an even integer. For I = 0, 1 and do G Z* put 



Cr-i(d ,e l ,u) = n(d ,r - l,l,u) 1 



TeS r -i,p(do)/~ ~ P 



u 



( r (d ,e l ,u) = K(do,r,l,u) 1 ^2 7tS u " 

Otp\l ) 



a p (T) 

-i cui — i,j>vi»o;/~ 

and 

..i/fdatT) 

TG5 r ,p;e(rfo)/- 

We make the convention that £ (d , £ z , tt) = 1 or according as d G 
Z* or not. Now for an integer m, and d G Z p , let Z m (u,e l ,d) and 
Z^{u, e , d) be the formal power series in Theorems 5.1, 5.2, and 5.3 of 

HS&J. Put 

2" m , e (w, e 1 , d) = hz m (u, e\ d) + Z m (-u, e', d)), 
^m,o(w, e J , = -{Z m (u, e\ d) - Z m (-u, e\ d)). 
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We also define Z^ e {u,e l ,d) and Z^ (u,e l ,d) in the same way. Fur- 
thermore put x{i) = e or o according as i is even or odd. Let p ^ 2, 
and p~ l d £ Z* with i — or 1. Then 

c m (^o,^,^) = ^, w (^ (m+l)/2 ((-l) (m+l)/ ^p)^,e^^ i (-l)^ +l )/ 2 c ^o) 

or 

( m (d ,e l ,u) = Z mA ^ m+i y\e\ p -%-l)^ +1 ^d ) 
according as m is odd and I — 1, or not. Let p = 2 and m is odd. Then 

( m (d ,e l ,u) = 2 m Z m ^ W))) (2-( m+1 )/ 2 M)£ ^2-^')(-l)( m+1 )/ 2 C / ). 

Let p = 2 and m be an even integer. First suppose c?o = 1 mod 4. Then 

C(d , e\ u) = 2 m Z^ e (2-^\ e\ (-l) m/2 d ). 

Next suppose 4 _1 c?o = —1 mod 4. Then 

CCdo^t*) = 2 m Z* mie (2-^/\e l A-\-ir/ 2 d ). 

Finally suppose 8 _1 <io G Zg. Then 

C(do, e 1 , «) = 2 m Z; o (2^ m+1 )/ 2 M , S-^-l^do). 

Here we recall that the definition of local density in our paper is a little 
bit different from that in [IS95J. 

Proposition 5.4.4. Let m be a positive even integer. Let do £ J- p . For 

a positive even integer r and d & U put 

c(r,d ,d,X) = (l- X (do)p- 1/2 X) 

xp-^a-xW 3 - 1 ^- 

i=l 

i/ere we understand that c(0, do, d, X) = 1. Furthermore, for a positive 
odd integer r put 

(r-l)/2 

c(r,d ,^) = (l-x(doK 1/2 X) J] (l-^X 2 ). 

i=l 

(1) Letp^2. 
(1.1) Letl = or u(d ) = 0. T/jen 

= x K^o)/ 2| (m ^ /2 V P -( 2 ^ 1 )(tX-V 2 ) 2 -c(2r,d ,d,X) 

( "^ /2 p -(^+l)(2r + l) (tX -l/2 )2 r + l c(2r + j^g) 
^ 0(m-2r-2)/2(p- 2 ) 

xC 2 ,- + i(p- 1 do,^,^ 1 / 2 ). 
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(1.2) Let u(do) = 1. Then 

0(m-2r-2)/ 2 (P~ 2 ) 

^r+Ap^d^e^X- 1 ' 2 ). 

(2) Let p = 2. 

(2.1) Lett = or d = 1 mod 4. T/ien 

(m-2)/2 , . 
= ^(do)/2r /^-l\2r 2 -T-(2r+l) c l zr > g ,g,^.j 

„ , ^ > 2 1 -V-2)/2,r0 (m _ 2r _ 2)/2 (2- 2 ) 

r=0 deW(m-l,m-2r— l,do) ^ K >' V 7 

xc 2 ;(4rf,£,^" 1/2 ) 

h (m -2,-2)/2(2-) 
xC2r+l(rf ^,^~ 1/2 )}, 

where v(da) = or 1 according as v(do) is even or odd. 

(2.2) Suppose that 4r l d Q = -1 mod 4 or 8~ l d e Z 2 . T/ien 

(m-2)/2 

Ki 1) 1 (4,e,X,t) = X^')/ 2 V (tX -i/2 )2 r + i 2 -(, + i)(2, + i) c(2r + l,do,X) 

^ 0(m~2r-2)/ 2 (2 2 ) 

xC2,+l(rfo,£,^" 1/2 )- 

Proof. Let p ^ 2, and let / = or i/(do) — 0. Then by Lemma 5.2.1 
and Proposition 5.3.5, and by using the same argument as in (1) of 
Theorem 5.3.8, we have 

wV> (J r l Y t\ c(2r, d ,d,X) 

r=0 deU(m-l,m-2r-l,do) <P {m-2r -2) / 2\P ) 

x e{pB) 1 x _ t V»(pB) t u(dct(pB) 

a (pB) 

BeS 2 r,p( d od)nS2r, P pv ' 
{m s^ 2 (tX- 1 / 2 ) 2r+1 c(2r + l,d ,d,X) 

0( m -2r-2)/ 2 (^ 2 ) 

x e(pB) 1 ^_ e (i)( P B)^(dct(pB) 

^ aJpB) 

Thus the assertion (1.1) follows from Lemma 5.3.3 by remarking that 

P 1 S2r,p(dod) n S^rj, = S2r,p(d()d) fl S^p and p 1 5' 2 r+l,p(^o) n ^r+l.p — 

S2r+i(p 1_2[(l/(do)+1)/2] d ) n 5 2r+ i )P . Similarly the assertion (1.2) can be 
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proved by remarking that C2r(^o, £, tX^ 1 ^ 2 ) = 0. The assertion for p = 2 
can also be proved by using the same argument as in (2) of Theorem 
5.3.8 by remarking that 

4 1 5 , 2r,2( ( ^o) H S 2 r,2 — S 2r ^(d Q ) D S 2rj2 

and 

4 5^+1,2(^0 ) H S2r+1,2 = 5^+1,2 (<^o) H S2r+1,2- 

□ 

Proof of Theorem 5.4.2 in case p ^ 2. (1) First let rf G Z* Then 
by (1.1) of Proposition 5.4.4, we have 

K^-\{do,i,X,t) = _ 

0(m-2)/2(P 2 ) 

(m-2)/2 r _i 

+2- 1 x; e p- r(2r - +i) (* 2 ^- i ) r ii( i -^ ix2 )^(-^)/2(^ 

r=l d€W(m—l,m— 2r— l,do) *=1 

x (i - p~ 1/2 eo^)(i + VdP r ~ 1/2 XK 2r (d d, l, tx- 1 ' 2 ) 

(m-2)/2 r 
+ £ p-^( r+1 )(t 2 X- 1 )^ 1 /2TJ (l _ p 2 i -l X 2 )0(m _ 2r _ 2)/2(p -2 ) -l 

r=0 i=l 

X(l -p- 1/2 ^)C2r+l(pd0,i,^- 1/2 ). 

Here we put r/d = x(d) f° r d eU. By Theorem 5.1 of |IS95j . we have 

7,-1+ 3T-1/2 

( 2r+1 W,Mi- 1/2 )= ' 



2\-l 



r ( P - 2 )(i -p-^x- 1 ) ni =1 (i -p 2 ^ 3 - 2 ^ 2 ^- 1 )' 

and 

r m j , ^-1/2^ _ (l + eow^Xi-^w-^x- 1 ) 

^ 2rl ' ' j 0,(p- 2 )(i - p-w- 1 ) ni =1 (i - P 2 ^- 2r t 2 x-i) ■ 

Hence K^L^d®, l, X, t) can be expressed as 

K { m Udo,L,X,t) = ———— - ^_ H2x _ x) n ( r -2)/ 2(1 - p2Mt2X - 1} > 

where S(do, l, X, t) is a polynomial in t of degree m. Now we have 
2-\l-p- 1 /%X) X(l+W (m_2)/2_1/2 ^)(l+eor7p- (m - 2)/2 )(l-eoW- (m ~ 2)/2 - 2 t 2 X- 1 ) 

rj=±l 

= (1 - p- 1 X 2 )(l - p- 2 t 2 X- x ) + p- 2 t 2 X- x (l - ^ 1/2 X)(1 - p~ m+2 ). 
Hence 

(m-2)/2-l 

2-1 p (m-l)(-m+2)/2^2^-l^(m-2)/2 (l-p 2 * -1 ^) 

deW(m— l,?7i— 2) — l,do) i=l 

x (1 - p- 1 / 2 e X)(l + W m - 2 )/ 2 - 1 / 2 X)C m - 2 (rforf, t, tX- 1 / 2 ) 
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(m-2)/2 

+J) -(m-l)m/2^-lj( m -2)/2+l/2 JJ ^ _ p 2i-lj2^ ^-2j -1 

i=l 

x(l-p _1/ VOCm-i(pdo, L,tX- 1/2 ) 

' (m - 2 )/2(p- 2 )(i -p-wx-i) a ( =r 2)/2 (i -p«-™-w-i)' 

and therefore S^cfo, -X", i) can be expressed as 
(B) S(do,i,X,t) 

(m-2)/2-l 

= II ( x -p 2i_1 ^ 2 )(i -p" 5/2 6t 2 ) + (l-p-^Vr 1 )^!^), 

i=0 

where £/pT, t) is a polynomial in X, X -1 and t. Now by Proposition 
5.4.3, we have 

Pm-i(do, i>, X, t) 

Sjdp, t,X,t) 

~ (m -2)/ 2 (p- 2 )(i -p-h*x-i) n£r 2)/2 (i -p«-™-w-i) n --i ( i _pi-m- ■ 

Hence the power series P^ t 1 l 1 (rf , t, X, t) is a rational function in X 

and t. Since we have F P (1) (T, A"" 1 ) = F P (1) (T,X) for any T G 

we have P ? ^"l 1 (c?o, t, A -1 , t) = P^ 1 l 1 (d , t, X, t). This implies that the 

reduced denominator of the rational function P^ L l 1 (d , t, X, t) in t is at 

most 

(m-2)/2 

(l-p- 2 * 2 X- 1 )(l-p- 2 i 2 A-) JJ {(l-p 2i " m ~ 1 ^~ 1 )(l-p 2 '" m_1 ^ 2 ^)}- 

i=i 

Hence we have 

(m-2)/2 

(C) S( t ,do,X,t) = J] (l-p^ m -¥l)(a (l) + ai (X)t 2 ) 

i=l 

with a (X),ai(X) are polynomials in X + X" 1 . We easily see a (X) = 
1. By substituting p (m-i)/2 X i/2 for t in ( B ) and ( C ) ; and 

comparing 

them we see ax(X) = —p~ 5 / 2 £o- This proves the assertion. 

Next let d G pd' with d' G Z*. Put £ = xK)- Then by (1.1) of 
Proposition 5.4.4, we have 

(m-2)/2 r -l 

=x^ { 2- 1 ^ Yi p^ i H^- i ) r n( i -p ai_ix2 )^*--^(p" 2 )" 1 

r=l <2eW(m-l,m-2r--l,d ) * =1 

x(i + w r - 1 / 2 x)c 2r W,^^- 1 / 2 ) 
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(m-2)/2 r 

x(i- P - 1 /%x)c 2r+1 (p- 1 (i , i ,tx- 1 / 2 )}. 

By Theorem 5.1 of [IS95] . we have 

C2r + l(p- 1 d ,t,tX' 1 / 2 ) = r(p -2) (1 _ p -2 t 2 X -l )n r =i(1 _ p2i _ 3 _ 2rt2x _^ 

and 

( 2r (d d,L,tX = r (p-2) (1 _ p-WX-l) _ p2 i-3-2r t 2 X -l) " 

Thus the assertion can be proved in the same manner as above. 
(2) First let <io € Z*. Then by (1.1) of Proposition 5.4.4, we have 



0(m-2)/ 2 (F 



•2> 



(m-2)/2 r -l 
r—1 d&A(m— l,m— 2r— l,do) i=l 

x(l -p- x /%X)(l +»7« i P r " 1/2 ^)toC2r(dod,e,^- 1/2 ) 

(m-2)/2 r 
r=0 i=l 

x (1 - p- 1/2 eoX)C 2 ,+i(prfo, e, ^~ 1/2 ). 
By Theorem 5.2 of jIS95] . 

> / 7 . + V-1/2X 1 + ^ 

<MP 2 )lIi=i(l-P **** X ) 



2\-l 



and 



, , , v i/2s p-r-HX' 1 / 2 



^mSa-p- 2 ^ 2 *- 1 )' 

Thus the assertion can be proved in the same as in (1). 

Next let do e pZ*. Then by (1.2) of Proposition 5.4.4, we have 

K^Udo,e,X,t) 

(m-2)/2 r 

= x i ' 2 { y, p- (2r+1)(r+1) (^- 1 ) r+1/2 II( 1 -^" lx2 )^(-^-2)/2(p- 2 )- 1 

r=0 i=l 

x (1 - p- 1 / 2 e X)C 2 , + i(p- 1 rfo, e, tX" 1 / 2 ).} 
By Theorem 5.2 of [1595] . 

C2r+l(p- 1 do,MA- 1 / 2 ) = 



•(p-^nui-p-** 2 *- 1 )" 
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Hence 

(m-2)/2 r 

= p -h j2 ^(p-vn n(i - ^^(p-t 1 

r=0 i=l 

1 



^(p-^nLiCi-p- 2 ^- 1 )' 

The assertion can be proved in the same as in (1). □ 

Proof of Theorem 5.4.2 in case p — 2. The assertion can also be 
proved by using the same argument as above. □ 

Theorem 5.4.5. Let d e T v and £ = x(do)- Let £ = ±1. 
(1) Let m be even. Then 

(1 + t 2 p- m / 2 - 3 / 2 Q(l + tV m/2 ~ 5/2 q ) - eot 2 P" m/2 ~ 2 (X + X- 1 + pVW^ + g-V2+W2g 

(i - p- 2 xt 2 )(i - p - 2 x-h 2 ) ni^i 2_1 (i - t 2 p- 2i_i ^)(i - tv 2 *- 1 !- 1 ) 

and 

1 Co 2 



x 



pW(rf ,5,e,X,t) 0m/2 _ i(p _ 2)(l _ p -m/2 &) n m/2 (1 _ f2p -2i X ) (1 _ t 2 p -2i X -l) ■ 

(2) Let m &e even. TTien 

Pm-i(^o, £, X, t) 

= ^ffll^o^ 

" (i - ^vx)(i - tv 2 ^- 1 ) n£r 2)/2 a - tv*- 1 ^! - tv 2 *- 1 *- 1 )^)^- 2 ) ' 

and 

(p- i t)^ d °)(i-eoty- i/2 - m) o 

~ n^?(i - t 2 p-*x)(i - «=p-»A:-i)^ (m _ 2)/2 (p-=) ' 

Proof. We note that there exist polynomials S^_j(do,u,^,X,t) and 
s2_j(do,w,X,t) such that 

P^.(do, w, e, X f)/f <*> = s£l,.(do, w, X, t 2 ) 

and 

for j = 0, 1. We also note that 

S^d^^X^t 2 ) = ^.(do, W ,eX,^ 2 ). 
Thus the assertion follows from Theorems 5.4.1 and 5.4.2. □ 
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5.5. Explicit formulas of formal power series of Rankin-Selberg 
type. 

We prove our main result in this section. 

Theorem 5.5.1. Let d e T v and put £ = x(do)- 

(1) We have 

H n ^(d ,t,X,Y,t) 

n/2-l 

= (2-( n - 1 )(^ 2 )/ 2 r- 2 ) <52 -0 (n _ 2)/2 (p- 2 )- 1 (p- 1 t)^°)(i-p- n t 2 ) ] [ {i- P ~ 2n+2 H A ) 

i=i 

(1 + p- 2 t 2 )(l + p~ 3 e t 2 ) - p- 5/2 t%(X + X- 1 + Y + Y- 1 ) 
X (1 -p~ 2 XYt 2 ){l - p~ 2 XY-H 2 )(l - p- 2 X~ l Yt 2 )(l - p^X^Y-H 2 ) 

1 

X Uiil' 1 ^ ~ p- 2i ~ l XYt 2 ){l - p- 2 *- l XY-H 2 )(l - p- 2 ^ 1 X- 1 rt 2 )(l - p-^X-^Y-H 2 ) ' 

(2) We have 

if n _l(do,£,X,y,f) = ((_l)«(™-2)/8 2 -("-l)(«-2)/2 r -2^ 2 , p 

n/2-1 

X((-1)"/ 2 , (_l)«/2 rfo)p0(n _ 2)/2(p -2 r l (1 _ p -n t2) "Q (1 _ p -2n +2it 4 )(tp -n/ 2) ^0) 

i=l 

(i + P -"t 2 )(i + p- n ~^ 2 t 2 ) - p- 1/2 - n t 2 £ (x + x- 1 + y + y- 1 ) 

X (1 - p-"Xyt 2 )(l - p- n XY-H 2 )(l - p- n X- l Yt 2 )(l - p-nX-i-Y-H 2 ) 

1 

Y\7=i~\ 1 -p- 2i XYt 2 )(l -p- 2i XY-H 2 )(l -p-^X-iYt 2 )^ -p-^X-^Y-H 2 ) 
Proof. First suppose that uj — i. For an integer / put 

V(l,X,Y,t) 
i 

= (i-tV 2 xy- 1 )(i-tV 2 x- 1 y- 1 )]^(i-tV 2 ^ 1 xy- 1 )(i-tV 2t - 1 x- 1 y- 1 ). 

i=i 

For d eW, put 77^ = x(<i). Then by Theorem 5.4.5, and (1) of Corollary 
to Theorem 5.3.10, we have 

R n . 1 (d ,oo,X,Y,t) = (l-p- n t 2 ) 

(n-4)/2 (n-2-2/)/2 

x ( E E II (i-p- 2M * 4 )^(rfo,rf,y) 

1=0 deU(n-l,n-l-2l,do) i=l 

x n?ii(i - *v w - 2; ' 2+t )^ ) w ^ ^ y, 

y(/,x,y,t) 

(n-2)/2 (ra-2-2J)/2 

+ e n (i-p- 2i - n - 2i t 4 )T 2 i + i(d ,d,Y,t) 

1=0 i=2 



X 
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n-iVa - ty-^+^liK h *, y, t) 

V(l-l,X,Y,t) 

n (n 7 3)/2 (1 _ p2l - ly2) n n-2 (1 _ t 4 p -2n +l) 

0(n-4)/ 2 (p- 2 )^((n-2)/2,X ! F ! t) 

1 (1 -p- 1 / 2 ^ y)p("- 2 )/ 2 -V2 ?7(i y( 1 + % y p (n-2)/2-l/2) 

x{(l + t 2 F~ V (n_2)/2_3/2 %)(l + t 2 F- V {n " 2)/2_5/2 %) 

-W 2 ^-V" (n ~ 2)/2 (^ + + p 1/2 - (n ~ 2)/2 % + p- 1/2+(n - 2)/2 %)} 
n£7 1)/2 (i -p^-'y 2 ) niT/a - ty 2 "- 1+ Q(i - ^p-^Y- 1 ) 

+ (n „ 2)/2 (p- 2 )\/((n-2)/2,X,F,t) 

where (dod, t, rjd, X, Y, t) and s£) +1 (do, t, X, Y, t) are polynomials in 
t of degree at most 4 and 2, respectively. Hence R n -i(d , i, X, Y, t) can 
be expressed as 

Rn-i(do, i>, X, Y, t) 

(i - P - n t 2 ) nfc 2)/2 (i - p- n - 2i t A )s{d Q) l 2 x, y, t) 

0(n-2)/ 2 (p" 2 )V((n-2)/2,X,F,t) 

where S(do, i, X,Y,t) is a polynomial in t of degree at most 2n such 
that 

(D) S(d ,t,X,Y,t) 
= ~ -P- 1, %Y)p^I^Y (l + VP in " 3)/2 Y)v 

0(n-2)/ 2 (p- 2 ) ^ 



(ra-2)/2-l (n-2)/2 



x n (i-p^y 2 ) n (i- P -^-^) r 



i — p 



-n+2 



p (-n+2)/2 &r/ 

x((i + t 2 y-V (n ~ 2)/2 ~ 3/2 ??)(i + t 2 r- V (n ~ 2)/2 " 5/2 ^) 

-^t 2 F- V (n " 2)/2 (^ + + pWHn-*)/^ + ^-1/2+^-2)72^^ 

(n-2)/2 (n-2)/2 

+(i- P - i / 2 e v) n (!-p 2i_i ^ 2 ) n (i-p" 21 " 1 "^ 4 )!^^"^ 2 )!!-^ 572 ^ 2 ^" 1 )} 

i=l i=l 

+ (1 - p- n+1 XY-H 2 )(l - p- n+1 X- l Y-H 2 )U(d , X, Y, l, t) 
with U(d , t, X,Y,t) a polynomial in t. Hence by Theorem 5.2.6 we 
have 

n/2-l 

F n _ 1 (rf , i ,X,F,t) = / t (rf ,n-l,/,t)(l-p-"t 2 ) J] (l-p- 2 " +2 ¥) 

i=i 

gK,q,r,f) 

X (1 - p- 2 XFt 2 )(l - r 2 iy-4 2 )(l - p- 2 X^Yt 2 ){\ - p^X-^Y-H 2 ) 

1 

X nrii" 1 ! 1 - p- 2i - 1 ^i 2 )(l - p- 2i - 1 XF- 1 t 2 )(l - p- 2 ^X-^Yt 2 ){\ - p-^X-^Y-H 2 ) 
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1 

X 

n!=7 2)/2 (l -p~ 2i XYt 2 )(l - p-^X^Yt 2 )' 

Hence the power series R n _i(d , i, X, Y, t) is a rational function of X, Y 
and t, and is invariant under the transformation Y >->■ Y^ 1 (cf. the 
proof of Theorem 5.4.2). This implies that the reduced denominator 
of the rational function H n _i(d , i, X, Y, t) in t is at most 

(l - P ' 2 XYt 2 )(i - P - 2 XY'H 2 )(1 -?r 2 x~W)(i -p^x^Y'H 2 ) 

n/2-1 

x [] (i-p- 2i - 1 XFt 2 )(i-^ 2 ^ 1 xr- 1 t 2 )(i-p- 2i - 1 x~ 1 Ft 2 )(i-p- 2 ^ 1 x- 1 r- 1 t 2 ) 
i=i 

and therefore we have 
(E) S(d ,t,X,Y,t) 



= tv(do) ao(do, X, Y) + ai (rf , X, Y)t 2 + a 2 (d , X, Y)t 4 

<P(n-2)/2(P~ 2 ) 

(n-2)/2 

x II 0-~P~ 2i XYt 2 )(l- p - 2i X- 1 Yt 2 ), 
1=1 

where ai(d ,X, Y) (i = 0,1,2) is a Laurent polynomial in X and Y. 
We can easily see a (do, X, Y) = 1. First let u(d ) = 0. Then by substi- 
tuting p( ri ^ 1 )/ 2 X l / 2 F 1 / 2 (i = ±1) for t in (D) and (E), and comparing 
them, we obtain 

1 + ai(do, Y)p n ~ 1 X i Y + a 2 {d , X, Y)p 2 ^X 2i Y 2 

= i+^ 1 x l r(p- 2 +p- 3 -p- 5/2 (x+x- 1 +r+r- 1 )e )+p 2n " 2 ^ 2 ^V 5 

fori = ±1. Hence ai (d ,X,Y) = p^+p^-p-^iX+X^+Y+Y' 1 )^ 
and a 2 (d , X, Y) = p~ 5 . This proves the assertion in case v(d ) = 0. In 
case v(d ) > 0, in the same manner as above we have 

1 + ai (d , X, Y)p n ~ 1 X i Y + a 2 {d , X, Y)p 2{n -^ X 2i Y 2 = 1 + p n ~ 3 X i Y 

for % — ±1. Hence ai(d , X, Y) = p~ 2 and a 2 (d , X, Y) = 0. This proves 
the assertion in case u(d ) > 0. 

Similarly the assertion for u(do) = and oo = e can be proved. Next 
suppose that v(do) > and u = e. Then the assertion can be proved 
similarly by using Proposition 5.3.1 and Theorems 5.4.1, 5.4.2, and (2) 
of Theorem 5.3.10. □ 



6. Proof of Theorem 3.2 

Now we give an explicit form of R(s,a n -i((j>i n ^h),i)) f° r the first 
Fourier- Jacobi coefficient 4>i n (h),i of the Duke-Imamoglu-Ikeda lift. 
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Proposition 6.1. Let k andn be positive even integers. Given a Hecke 
eigenform h G ®jJ"-n/2+i/2(^o(^))' ^ f e ®2fc-n(-f~'^) be the primitive 
form as in Section 2. Then 

R(s,h) = L(2s-2Jfe + ra+l,/,Ad) l c (l rf o|)| Vol - " 

doeJ -(-i)"/ 2 

x J^ 1 + p- 2s+2k - n - l ){l + P - 2s+2k - n - 2 X P (dof) - 2p~ 2s+2k - n -V 2 Xp (doMp)}, 

v 

where c(|rf |) is the \d \-th Fourier coefficient of h, and a{p) is the p-th 
Fourier coefficient of f. 

Proof. We can show that 

R(s,h) = 1/2 \<\M)\ 2 \d \ n/2 - k+1/2 

d {) eT(-D n/2 

X J J] H hp (d , t p , a p , a p , p -+*-»/2+l/2) + JJ Hl p{d ^ £> ^ Qp> p -»+fc-n/2+l/2 ) 1 

I p p J 

In fact, if n = 2 mod 4, this is a special case of Theorem 4.2, and even 
if n = mod 4, by using the same argument as in Theorem 4.2, we can 
show the above equality. By Theorem 5.5.1, for any do we have 

J] H ljp (d , L P , a p , a p , p-+*-»/2+V2) = JJ fflip(d()> £p> ap> ap) p-s+k-n/2+1/2) 
P P 

= \d \~ s+k - n/2 - 1/2 L(2s -2k + n + l,f, Ad) 

x +P" 2s+2fc - n - 1 )(l + P~ 2s ' 2k - n - 2 X P (d ) 2 ) - 2p- 2s+2k - n ^ 2 Xp (d )a(p)). 

p 

Thus the assertion holds. □ 

Theorem 6.2. Let k and n be positive even integers. Given a Hecke 
eigenform h G ©fc-n/2+i/2(- r o(4)), let f G © 2 fc-n(-^ (1) ) and 4>i n ( h ),i e 
jcusp^( n -i),j^ ^ g flS ^ n s ec ti on 2 and Section 3, respectively. Put \ n = 

^llTii" 1 ^)- r/i en ; we have 



n — 2 
2 



^(s,^-!^),!)) = A n 2(- s - 1 / 2 )("- 2 )C(2s+n-2A;+l)- 1 J]C(4s+2n-4A;+2-2^)- 1 



n-2 
2 



x{i?(s-n/2+l, /i)C(2s-2A;+3) JJ L(2s-2A;+2i+2, /, Ad)C(2s-2A;+2i+2) 

i=i 

n-2 
2 

+ (-l) n(n - 2)/8 i?(s, /i)C(2s-2A;+n+l) JJ L{2s-2k+2i+l, /, Ad)C(2s-2A;+2i+l)}. 



i=l 
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Proof. The assertion follows directly from Theorems 4.2 and 5.5.1, and 
Proposition 6.1. □ 

Proof of Theorem 3.2. The assertion trivially holds if n = 2. Sup- 
pose that n > 4. By Theorem 6.2 we have 

n/2-1 

(f) n{s,a n ^{<j> In{hU ))= J] e(202 ( - s - 1/2)(n - 2) r( s ) 

i=l 

ra — 2 

W(s)" 1 ^(s - n/2 + 1, h) f[ A(2s - 2A; + 2i + 2, /, Ad)£(2s - 2k + 2i 

i=l 



+ (-l) n(n " 2)/8 J R(s, /i) JJ L(2s - 2* + 2i + 1, /, Ad)C(2s - 2A; + 2% + 1) 

i=l 

where 

(n-2)/2 n -l 

T(s) = r R (2s+n-2A;+l) ] [ r R (4s+2n-4A;+2-2i) JJ r R (2s-i+l), 

i=l i=l 

and 

W(s) = r R (2s - 2k + 3)r R (2s - n + 2) 

(n-2)/2 

x (r c (2s-2A; + 22 + 2)rc(2s-n + 2i + l)r R (2s-2A; + 2i + 2)). 

i=l 

We note that 72.(s, h) is holomorphic at s = k — 1/2. Thus by taking 
the residue of the both-sides of (F) at s — k — 1/2, we get 



i=i 



n-2 
2 



xRes s=fc _ n/2+1/2 ft(s, /i) JJ A(2* + 1, /, Ad)£(2* + 1). 

i=i 

We easily see that 



T(k - 1/2) 
U{k-l/2) ~~ 

By Theorem 1 in [KZ81] . we have 



2(n-l)(n-2)/2 



Res s=k . n/2+1/2 n(s, h) = 2 2k ~ n (h, h). 
Thus we complete the proof. □ 
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